COISOTROPIC SUBMANIFOLDS, LEAFWISE FIXED 
POINTS, AND PRESYMPLECTIC EMBEDDINGS 

Fabian Ziltener (University of Toronto) 

Let {M,u)) be a geometrically bounded symplectic man- 
ifold, N C M a closed, regular (i.e. "fibering") coisotropic 
submanifold, and ip : M — > M a Hamiltonian diffeomorphism. 
The main result of this article is that the number of leafwise 
fixed points of (p is bounded below by the sum of the Z2-Betti 
numbers of AT, provided that the Hofer distance between 
and the identity is small enough and the pair (TV, ip) is non- 
degenerate. The bound is optimal if there exists a Z2-perfect 
Morse function on TV. A version of the Arnol'd-Givental con- 
jecture for coisotropic submanifolds is also discussed. As an 
application, I prove a presymplectic non-embedding result. 

Contents 



1. Main results 1 

2. Background 9 

3. Reduction to the Lagrangian case 14 

4. Proofs of the main results 18 
Appendix A. Auxiliary results 25 

A.l. (Pre-)symplectic geometry 25 

A. 2. Foliations 31 

A. 3. Further auxiliary results 36 

References 39 



1. Main results 

Leafwise fixed points. Let {M,lo) be a symplectic manifold. We denote 
by Ham(M, the group of Hamiltonian diffeomorphisms (see Section 2). 
Let (f G Ham(M, to) and A C M be a coisotropic submanifold. We denote 
by Nx := A^ C N the isotropic leaf through x (see Section 2). A leafwise 
fixed point of (p is by definition a point x G N such that (p{x) G N^. We 
denote by Fix(ip,N) := Fix((/?, A, w) the set of such points. The first main 
result of this article addresses the following question: 



Question A: Provided that if is close to the identity in a suitable sense, 
what lower bound on the number Fix(9J, A) is there? 
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Note that if = M then A^-j; = {x}, for every x £ N, and hence 
Fix((/7, N) is the set Fix{ip) of ordinary fixed points of ip. In the other 
extreme case dimA^ = dimM/2 the submanifold is Lagrangian, and we 
have Fix{ip,N) = N Ci (p~^{N), provided that N is connected. In order to 
state the first main result, we denote by A{M,ijj,N) the minimal area of 
{M,u),N) (see (12) below), and by d := d^'"^ the Hofer distance (see (15)). 
We call A^ regular iff its isotropic leaf relation (see Section 2) is a closed sub- 
set and a submanifold oi Nx N. Assuming that A'^ is closed, this means that 
there exists a manifold structure on the set N^^ of isotropic leaves of N such 
that the canonical projection ttn : N ^ N^^ is a smooth fiber bundle. For 
the definitions of (geometric) boundedness of (M, to) and non-degeneracy for 
{N,(p) see Section 2. The former is a mild condition on (M, w), examples 
include closed (compact without boundary) symplectic manifolds, cotangent 
bundles of closed manifolds, and symplectic vector spaces. Non-degeracy of 
{N, (f) naturally generalizes the usual non-degeneracy in the cases N = M 
and dim AT = dimM/2. For each topological space X, commutative ring 
R and integer i we denote by bi{X,R) := Tankji Hi{X , R) the i-th Betti 
number of X with coefficients in R. 

1. Theorem. Let {AI,io) be a (geometrically) bounded symplectic manifold, 
and N C. M a closed, regular coisotropic submanifold. Then there exists a 
constant C G (0, oo] such that C > A{M, u, N) and the following holds. If 
(f G Ham(M, a;) is such that {N,if) is non- degenerate and 

(1) d((^,id)<C, 
then 

dim A'' 

(2) |Fix(<^,iV)| > ^ bi{N,Z2). 

1=0 

If codimAT 7^ 0, 1, dim M/2 then this theorem appears to be the first result 
implying that [Fix(99, A^)| > 2, without assuming that cp is C^-close to the 
identity. It generalizes a result for the case dimA^ = dimM/2, which is due 
to Yu. V. Chekanov, see the Main Theorem in [Ch]. The bound (2) is sharp, 
provided that there exists a Z2-perfect Morse function on N, see Theorem 
2 below. 

Examples. A large class of examples of regular coisotropic submanifolds is 
given as follows. Let {M,lo) be a symplectic manifold, and G a compact, 
connected Lie group with Lie algebra g. We fix a Hamiltonian action of 
G on M, and an (equivariant) moment map n : M ^ q* . Assume that 
H is proper and the action of G on A?^ := jj,~^{0) C M is free. Then A^ 
is a closed, regular coisotropic submanifold. As a concrete example, let 
< A; < n be integers, and consider M := C*^^" with the standard sym- 
plectic structure to := uq, and the action of the unitary group G := U(A;) 
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on C*^^** by multiplication from the left. A moment map for this action 
is given by n{Q) := §(1 - 90*), and N = n~^iO) is the Stiefel manifold 
V{k,n) := je G C''^" | 69* = l}. The triple {M,lj,N) satisfies the hy- 
potheses in Theorem 1. Furthermore, we have A(^C''^^\oJo,V{k,n)^ = ir 

(see Proposition 3 below), and ^f™^*^*^'"^ n), Z2) = 2^. (This fol- 

lows for example from [GHV], Theorem I on p. 224, and the fact that the 
integral cohomology of V{k,n) is torsion-free.) Let (p G Ham(C'^^'*, cjq) be 
such that (V{k,n),ip) is non-degenerate and d((p, id) < tt. Then Theorem 1 
implies that |Fix((^, ^(fe, n))| > 2'^. 

This bound is sharp, since there exists a Z2-perfect Morse function on 
V{k,n) (see example (i) after Theorem 2 below). Moreover, the condition 
C > A(^<C^^"',u!q, V{k,n)^ in Theorem 1 is also sharp, in the sense that the 
conclusion of the theorem is wrong if we choose C > ^(C^^",a;o, V{k,n)), 
see Proposition 3. Note that in the case A; = 1 we obtain an improve- 
ment of a result by H. Hofer, [Ho], Proposition 1.4. That result states 
that Fix(99, 5^""^) 7^ 0, provided that dc{(p,id) < vr. Here dc denotes the 
compactly supported Hofer distance (see (16) below). 

Another family of examples of regular coisotropic submanifolds arises as 
follows. Let (X, a) be a closed symplectic manifold, it : E ^ X a closed 
smooth fiber bundle, and H C TE a horizontal subbundle. We define V*E 
to be the vertical cotangent bundle of E. Its fiber over a point e ^ E 
is the space T*E^(^gy We denote the zero-section of this bundle by N. 
Furthermore, we define a closed two-form on V*E as follows. We denote by 
TTx '■ V*E X the canonical projection, by cocan the canonical symplectic 
form on T*E, and by pr^ : TgE — > T^E^f^^-^ the linear projection along the 
subspace C TgE, for e e E. We define 

LH--V*E^T*E, tij(e,Q;) := (e,aoprf), Q^^h ■= T^*xcr + t*H^ca.n- 

Then 0,„^h is a closed two-form on V*E. Furthermore, by Proposition 3.2 
in [Ma], there exists an open neighborhood M of the zero-section N C V*E 
on which ^a,H is non-degenerate. We fix such an M. Then the submanifold 
iV C M is regular coisotropic (see Proposition 15 below). Assume now 
that the base manifold X is symplcctically asphcrical, i.e. Jg2 u*a = 0, for 
every u G C°°(S'^,X). Then ^(M, Jl^.a , A^) = oc (sec again Proposition 15 
below). So in this case the only possible constant C as in Theorem 1 is 00, 
and for this constant condition (1) is vacuous. 

Idea of proof of Theorem 1. Assume that the hypotheses of Theorem 1 
are satisfied. The strategy of the proof is to find a Lagrangian embedding of 
N into a suitable symplectic manifold, and then apply the Main Theorem 
in [Ch]. Recall that N^j denotes the set of isotropic leaves of N. Since N 
is regular, there exists a unique manifold structure on such that the 
projection ttat : AT — is a submersion (see Lemma 24 below). We denote 
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hy lun the unique symplectic structure on A^^^ such that tt^wn = '^j and we 
define 

(3) M:=MxN^, uj := u ® {-ujn), 

(4) iN-N ^M, iN{x) := {x, N^), N := iN{N). 

Then tjv is an embedding of N into M that is Lagrangian with respect to 
the symplectic form u; on M (see Lemma 9 below). In order to satisfy the 
hypotheses of Chekanov's result, the inequality A{M,uj,N) < A{M,u;,N) 
is crucial. It follows from Key Lemma 11 below. The idea of its proof is that 
given a smooth map u = {v, w') : B — > M = M x A''^^ such that u{S^) C iV, 
we may lift w' to a map w : [0,l]x ^ N and concatenate this with v. We 
thus obtain a map it : D — > M with boundary on an isotropic leaf, satisfying 
J u*uj = f u*oj. The method described here generalizes a standard way of 
reducing the case dimA'^ = dimM to the Lagrangian case, see for example 
[Fl]. 

Discussion of optimality. Let M be a manifold, / : M — > M a Morse func- 
tion, and R a commutative ring. We denote by Crit/ C M the set of critical 
points of /. Recall that / is called i?-pcrfcct iff |Crit/| = ^fl™^ bi{M, R). 
The next result implies that the estimate (2) is sharp if there exists a 
Z2-perfect Morse function on the coisotropic submanifold N. It actually 
shows that in this case (2) is sharp, even if the condition (1) is replaced by 
the much stronger condition that if is C^-closc to the identity. We denote 
by Hamc(M, u;) the group of compactly supported Hamiltonian diffeomor- 
phisms of M. 

2. Theorem. Let (M, a;) be a symplectic manifold, N C. M a closed regular 
coisotropic submanifold, / : A?" — > R a Morse function, l : M ^ R^" an 
embedding, and e > 0. Then there exists ip G Hamc(M, w) such that {N,(p) 
is non-degenerate, and 

Fix(v?, A^) = Crit/, \\l o ip o - id\\^,^^^j^j-^^ < e. 

The proof of this result relies on a normal form theorem for a neighbor- 
hood of N, which is due to Marie, and on the fact that fast almost periodic 
orbits of a vector field are constant. It also uses an estimate for the distance 
between the initial and the end point of a path x in foliation, assuming that 
these points lie in the same leaf, and that x is tangent to a given horizontal 
distribution. 

Examples of manifolds admitting a Z2-perfect Morse function include the 
following: 

(i) The real, complex and quaternonian Stiefel manifolds. (See [TT], the 
remarks after Ex. 3.14 on p. 197, and the definition of tautness on 
p. 182.) 



COISOTROPIC SUBMANIFOLDS AND LEAFWISE FIXED POINTS 



5 



(ii) Compact symmetric spaces that admit a symmetric embedding into 
Euclidian space. This includes the real, complex and quaternonian 
Grassmannian. (See [DV] Theorem 1.2 and example 1. on p. 7.) 

(iii) Quotients G/T, where G is a compact connected semi-simple Lie group, 
and T C G is a maximal torus. (This follows for example from [Du] 
Theorems 4 and 5 on p. 125.) Note that for G := SU(n) G/T is 
diffeomorphic to the manifold of complete flags in C". 

(iv) Symplectic manifolds that admit a Hamiltonian 5'^-action whose fixed 
points are isolated, see for example [GGK], the theorem on p. 22. 

(v) Simply connected closed manifolds of dimension at least 6, whose ho- 
mology with Z-cocfficients is torsion-free. (This follows from [An] The- 
orem 4.2.4(ii) on p. 112, Definition 4.1.1 on p. 106, and formula (4.2.4) 
on p. 111.) 

Note that example (iv) generalizes example (iii). Observe also that the 
product of two manifolds allowing a Z2-perfect Morse function, has the 
same property. (This follows from [An] Theorem 4.1.5 on p. 109 and the 
Kiinneth formula.) 

Consider now C'^^" with the standard symplectic form ujq, and the Sticfcl 
manifold V{k, n) C C*^". Then by the next result the condition C > 
^(0*^^", Wo, V{k, n)) in Theorem 1 is sharp. We denote by dc the compactly 
supported Hofer distance (see Section 2). 

3. Proposition. We have A{C^^"' ,uoQ,V{k,n)) = tt. Furthermore, for 
every C > it there exists (p G Hamc(C^^", wq) such that dc{<f,id) < C and 
<f{V{k,n))r]V{k,n) = i/}. 

Arnol'd-Givental conjecture (AGC) for coisotropic submanifolds. 

Recall that a map from a set to itself is called an involution iff applying it 
twice yields the identity. Furthermore, a diffeomorphism ip from a symplec- 
tic manifold (M, to) to itself is called anti-symplectic iff '4>*ui = —ui. The 
following conjecture naturally generalizes the usual (Lagrangian) AGC to 
"product" -coisotropic submanifolds in products of symplectic manifolds. 

Conjecture. Let {Mi,uj.i), i = 1,2 he symplectic manifolds, with Mi closed, 
and let L C M2 he a closed Lagrangian suhmanifold. Consider the prod- 
uct M := Ml X M2 with the symplectic structure uj := u)i (B (^2, md let 
N := Ml X L. Assume that there exists an anti-symplectic involution 
ip : M2 — M2 such that Fix('0) = L. Let (p G Ham(M,a;) be such that 
the pair {N,ip) is non-degenerate. Then inequality (2) holds. 

In the case in which Mi is a point this is the usual (Lagrangian) AGC. 
(See for example [Fr], where it is assumed that M is compact.) 

4. Proposition. // the Lagrangian AGC is true then the same holds for 
the above Conjecture. 
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An application. By definition a presymplectic manifold is a pair (M,uj), 
where M is a manifold, and w is a closed two-form on M of constant corank 
corankci; (sec Section 2). Wc say that a presymplectic manifold (M',a;') 
embeds into a presymplectic manifold (M, u) iff there exists an embedding 
ip : M' — > M such that ■0*u; = uj' . The following question generalizes the 
symplectic and Lagrangian embedding problems. 

Question B: Given two presymplectic manifolds, does one of them embed 
into the other one? 

Note that in the case dim M' + corank lo' > dim M + corank lo there does 
not even exist any immersion ij) : M' M satisfying ^|J*u! = uj'. (This 
follows from Proposition 12 below.) The next result is concerned with the 
"critical case" in which ">" is replaced by "=" above. It is a consequence of 
Theorem 1. A presymplectic manifold (M, co) is called regular iff its isotropic 
leaf relation is a closed subset of M x M and a submanifold. 

5. Corollary. Let {M, lo) be a bounded and aspherical symplectic manifold, 
and {M',co') a closed, regular presymplectic manifold of corank dimM — 
dimM'. Assume that every compact subset of AI can be displaced in a 
Hamiltonian way, and that M' has a simply- connected isotropic leaf. Then 
{M',Lo') does not embed into {M,lo). 

Examples. As an example, let {X, a) and {X' , a') be symplectic manifolds, 
the former bounded and aspherical and the latter closed. Let F be a closed 
simply-connected manifold. Assume that dimX + 2 = dimX' + 2dimF. 
Then the hypotheses of Corollary 5 are satisfied with 

M:=XxR^, uj:=a®uo, M' := X' x F, u':=a'®0. 

As a more specific example, let {X', a') be a closed aspherical symplectic 
manifold, and k >2 and < ^ < A; be integers. We define 

(M, a;) := {X' x R2(fc-^) ^ ^' q) , (M', a;') := {X' x S^ a' O) . 

Then {M',u') does not embed into (M, w). To see this, observe that every 
embedding of {M',uj') into {M,uj) gives rise to an embedding of {M',uj') 
into (a' x M^'^', a' ® wq), by composition with the canonical inclusion M — > 
X' X M?'^. Hence the statement follows from Corollary 5. 

However, in this example there exists an embedding tp : M' M such 
that ip*[<jj] = [to'], provided that I < k. We may for example choose any 
embedding l : ^ m2(A;-^) ^ ^^^^ define ip := idx' x l. Furthermore, if 
£ = then there exists an immersion i/j : M' — M satisfying ^*a; = u'. To 
see this, note that the Whitney map 

/ : S*^ C R X ^ M^^ ^ C^^, f{a,x) := {1 + ai)x 
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is a Lagrangian immersion. (See [ACL], Example 1.4.3, p. 17.) The map 
ip := idx' X / has the desired properties. 

Further research. A further direction of research is to replace the closeness 
assumption (1) by a suitable monotonicity assumption. This requires a 
definition of a Maslov map of the triple (M,lo, N). In a forthcoming article 
[Zil] I give such a definition. 

Related results. In the extreme cases N = M and dimA^ = dimM/2 
Question A has been investigated a lot. For some references, see for example 
[MS], Sec. 9.1., p. 277, and [Gin], Sec. 1.1. p. 112. If (M,lj) is a closed 
symplectic manifold, and (p € Ham(M, u) is such that every x £ Fix(93) is 
non-degenerate then Arnol'd [Ar] conjectured that |Fix((^)| > |Crit/| for 
every Morse function / : M — ^ R. 

The general coisotropic case was first considered by J. Moser. He proved 
that |Fix(99, A^)| > 2 if M is simply connected, oo is exact, and the C^- 
distance d'-''^ {ip,id) is sufficiently small, see the theorem on p. 19 in [Mos]. 
(In fact, he showed that |Fix((^, is bounded below by the Lusternik- 
Schnirclmann category of N, sec Proposition 5, p. 31 in [Mos].) A. Banyaga 
[Ba] removed the simply connectedness and exactness conditions. Because 
of the C-'^-closeness condition these are local results. Global results were first 
obtained by I. Ekeland and H. Hofcr [EH, Ho]. For N a closed connected 
hypersurface in M^" of restricted contact type they gave several criteria under 
which Fix((/7, N) ^ 0, allowing for interesting cases in which d*-' [ip, id) is 
big. For example, in Theorem 1.6 in [Ho] it is assumed that the compactly 
supported Hofer distance dc{(p,id) is bounded above by the Ekcland-Hofer 
capacity ceh{N)- Recall here that a coisotropic submanifold N O M of 
codimension k is said to be of contact type iff there exist one-forms ai , . . . , 
on N such that dai = u, for i = I, . . . ,k, and ai A • • ■ A A uj\'}^^ does 
not vanish anywhere on N . Here a; [at denotes the puUback of uo under the 
inclusion of N into M. N is said to be of restricted contact type iff the a^'s 
extend to global primitives of a;. D. Dragnev ([Dr], Theorem 1.3) proved a 
similar result for general codimension of replacing C}^}i{N) by the Floer 
Hofer capacity of N , and assuming that N is only of contact type. 

Generalizing in another direction, V. Ginzburg proved a version of Hofer's 
result for subcritical Stein manifolds, replacing ceh by some homological ca- 
pacity ciiom (sec [Gin], Theorem 2.9 p. 122). This result in turn was recently 
extended by B. Giirel [Gii] to the coisotropic case (with Chom replaced by 
some constant depending on N). For general codimension of Ginzburg 
observed that Fix((/9, N) 7^ if the isotropic foliation of is a fibration 
(i.e. is regular) and is not far from id in a suitable sense", see [Gin], 
Example 1.3 p. 113. His argument is based on the fact that in this case the 
leaf relation is a Lagrangian submanifold of the product M x M, equipped 
with the symplectic form u> © (— w). Lately, P. Albers and U. Frauenfelder 
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proved that Fix{ip,N) ^ 0, if (M, w) is convex at infinity, C M is a 
closed hypersurface of restricted contact type, and dc(¥', id) < ^(M, a;, iV). 
If in addition the Rabinowitz action functional of the Hamiltonian function 
generating is Morse, then they showed that |Fix((/?, A'')] > ^^6j(iV, Z2). 
(See Theorems A and B in [AF].) A problem related to Question A is to 
find a lower bound on the displacement energy of a coisotropic submanifold. 
Recent work on this problem other than the one already mentioned has been 
carried out by E. Kerman in [Ke]. 

Note that regularity of N and the contact type condition do not imply 
each other. For example, every Lagrangian submanifold is regular. However, 
if is a closed connected Lagrangian submanifold of contact type then it 
is a torus, see for example [Gin], Example 2.2 (iv), p. 118. On the other 
hand, consider (M, a;) := (C^,a;o), fix an irrational number a > 0, and 
define : -> R by H{z,w) := |zp + \w\'^/a. Then the ellipsoid N := 
H~^{1) C M is a hypersurface of restricted contact type, since the region 
bounded by N is convex. However, the only compact isotropic leaves are the 
circles {(z,0) | |zp = l} and {(0, u)) I = a}. (The leaves are the integral 
curves of the Hamiltonian vector field of H.) Hence N is not regular. Note 
that "restricted contact type" is a global condition on (M,lo,N), whereas 
regularity is a condition only on (AT, a; | at). 

If A^ is of restricted contact type then it is stable (sec Definition 2.1 
p. 117 in [Gin]). Regularity and stability can be seen as "dual" conditions 
in the following sense. Namely, (A^, uj\n) is regular if and only if it fibers into 
isotropic submanifolds, whereas it is stable if and only if some neighborhood 
of A^ fibers as a family of coisotropic submanifolds containing A^, see [Gin] 
Proposition 2.6, p. 120. Observe also that V. Ginzburg constructed a closed 
hypersurface N C R^" without any closed characteristic, see [Gin], Example 
7.2 p. 158. This means that A{M?^ ,ujq, N) = 00. Furthermore, B. Giirel 
gave an example of a hypersurface N C such that AiEJ^^ujQ, N) = 00, 
and for every e > there exists (p G Ham(M, w) satisfying Fix{ip,N) = 
and dc{<f,id) < e (see [Gvi]). This shows that one may not completely drop 
the regularity or stability condition on N if one wants to prove existence of 
leafwise fixed points. 

Let now M,uj,M' and u' be as in the hypothesis of Corollary 5. As- 
sume that (M, uj) is the product of some bounded symplectic manifold with 
(M^,a;o) and that M' is simply connected. Then the statement of the corol- 
lary follows from the comments after Example 2.2.8. on pp. 288 and 289 
in [ALP], using Proposition 12 and Lemma 24 below. Like the proof of 
Corollary 5, that argument is based on the fact that the image of the map 
ln defined in (4) is a Lagrangian submanifold of M x N^^. However, since 
it does not involve the Key Lemma 11, the assumption that M' is simply 
connected is needed there. On the other hand, if u> is exact then Corollary 5 
can be deduced from Example 1.7, p. 115 in [Gin], using again Proposition 
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12 and Lemma 24. Furthermore, if the presymplectic manifold {M',u}') is 
stable then a similar non-embedding result can be deduced from Theorem 
2.7 (ii) p. 121 in [Gin]. 

Organization of the article. Section 2 contains some background on fo- 
liations, presymplectic manifolds, coisotropic submanifolds, leafwise fixed 
points, and Hamiltonian diffeomorphisms. In this section, the linear holo- 
nomy of a foliation along a path in a leaf, and based on this, non-degeneracy 
of a pair (N,(p), are defined. In Section 3 Chekanov's theorem is restated 
(Theorem 7), and the relevant properties of the map t^r and the subset 
N C M (as in (4)) are established (Lemmas 9 and 11). Based on this, the 
main results are proven in Section 4. Appendix A.l contains some back- 
ground about presymplectic geometry, on the embedding of a smooth fiber 
bundle over a symplectic base into its vertical cotangent bundle, and three 
other elementary results from symplectic geometry. In Appendix A. 2 the re- 
sult is proven that is used in the definition of linear holonomy. Furthermore, 
an estimate for a tangent path of a horizontal distribution in a foliation is 
proven. Finally, Appendix A. 3 contains results about smooth structures on 
the quotient set of an equivalence relation, fast almost periodic orbits of a 
vector field, and a measure theoretic lemma. 

Acknowledgments. I am specially indebted to Yael Karshon for numerous 
enlightening discussions and her continuous support and encouragement. 
She also made me aware that the conclusion of Corollary 5 follows from 
an easy cohomological argument if (M, := (M'^",ci;o) and {M',ijj') := 
(X' X F,a' ® 6), with X' closed, dimX' > and a' symplectic. I would 
also like to thank Viktor Ginzburg, Chris Woodward and Masrour Zoghi for 
interesting conversations, and Urs Frauenfelder for useful hints. It was Chris 
Woodward from whom I learned about the construction of the Lagrangian 
submanifold N C M in the case of a Hamiltonian Lie group action, with 
N := /x-^O). 

2. Background 

Notation, manifolds. We denote by N the positive integers, by B, C M? 
the closed unit disk and the unit circle, and for r > by Br C M? the 
open ball of radius r. For two vector spaces V and V' and a linear map 
^ : V ^ V we denote by ker ^ and im^* its kernel and image, and by 
^* : V* ^ V* its adjoint map. Let M be a set. By a smooth structure on 
M we mean a maximal smooth (C°°) atlas A of charts if : U C. M ^ M". 
(Hence M docs not have any boundary.) Assume that M is equipped with 
a smooth structure. We denote by C°°(M,M) and C^{M,R) the set of 
smooth and compactly supported smooth functions, respectively. We call 
(M, A) a manifold iff the topology on M induced by A is Hausdorff and 
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second countable. Submanifolds of M are by definition embedded. For a 
smooth time-dependent vector field X on a manifold M and t G M we denote 
by (f^x ■ M ^ M its time-t-fiow (if it exists). 

Foliations, regularity, and linear holonomy. We recollect some basic 

definitions and facts about foliations. For more details, see for example the 
book [MM]. The definition of linear holonomy given below will be needed 
to define non-degeneracy of a pair {N,ip) as in section 1. I am not aware 
of a reference in which the linear holonomy is defined in precisely this way. 
However, the basic idea of its definition is standard, see for example [MM]. 

Let M be a set, < k <n integers, U,U' C M subsets, and ip : U ^ W^, 
if' :U' ^ injective maps. We denote by tti : R" = M"-'=xR'= W'^ the 
canonical projection onto the first factor. Wc call [U, (p) and (U', (p') (n, k)- 
compatible iff ip{U n U') C R" is open, ^p' o <^-i : ip{U n U') ip'{U n U') is 
a diffeomorphism, and for every ^ G R""*^ the map 

is locally constant. We define an (n, /c)-atlas on M to be a set A of pairs 
{U,ip) as above, such that U(!7(^)e.A^ = ^ ^ach two pairs in A are 
(n, /c)-compatible. An (n, A;)-foliation on M is defined to be a maximal (with 
respect to inclusion) (n, fc)-atlas on M. Let be an (n, /c)-foliation on M. 
We endow M with the smooth structure induced by and for x G M, we 
define 

T.,F := d^ix)-^{{0} X R^^) C T,M, 

where {U, ip) G is a chart such that x & U. We define the leaf through a 
point xo G M to be the set 

:= {x{l) I X G C°°([0, 1],M) : x(0) = xq, x{t) G r^(i)^, Vi} C M. 

The leaf relation is defined to be the set 

:= {(xo,xi) G M X M I XI G JF,J. 

It is an equivalence relation on M. The collection of the subspaces T^J^, with 

X G M, is an involutive distribution TJ^ on M, called the tangent bundle to 
J-. We denote by NJ^ := TM/TJ^ the normal bundle, and by pr-^ : TM —f 
N{F the canonical projection, and for x G M, we write := {NT)x- 

Let now [M.A) be a manifold. By a foliation on {M^A) we mean a 
foliation T on M that induces A. In this case we call the pair (M, T) a 
foliated manifold. Note that if E is an involutive distribution on M then 
by Probenius' Theorem there exists a unique foliation J^^ on M such that 
Ex = dip{x)^^ [{{f\ X R^) for every chart {U,ip) G J^^ for which x & U. 
Wc call a foliated manifold (M, J-) regular iff i?-^ is a closed subset and 
submanifold of M x M. By Lemma 24 below this holds if and only if there 
exists a manifold structure on the quotient MjR^ such that the canonical 
projection from M to MjBF is a submersion. Furthermore, such a structure 
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is unique. If T is regular then the leaves are closed subsets and submanifolds 
of M. If (M, is a foliated manifold and H C TM a distribution then we 
call (J--)horizontal iff for every x € M wc have TxM = Hx © TxJ-- 

Let (M, be a foliated manifold, F a leaf of J^, a < b, and x G 
C°°{[a,b], F) a path. The linear holonomy oj T along x is a linear map 
hol^ : N^^g^!F —>■ N^^p-^T. Its definition is based on the following result. 

6. Proposition. Let M, J^, F, a, b and x be as above, N a manifold, and 
yo G N. Then the following statements hold. 

(a) For every linear map T : Ty^N — > T^^^^i)^ there exists a map u G 

C°°{[a,b] X N,M) such that 

(5) u{-,yo) = x, :F^{t,y) = ^u{a,y),yt ^ [a,b], y e N, 

(6) d{u{a,-)){yo)=T. 

(b) Let u,u' G C^{[a,b] x N,M) be maps satisfying (5), such that 

(7) pr^diu{a, •))(yo) = pr^diu'{a, ■)){yo). 
Then pr^d{u{b, ■)){yo) = pT^d{u'{b, ■)){yo). 

We choose a linear map T : Nx[a)^ ~^ ^x(a)-^) such that pr-^T = idjv^^^j^. 
Furthermore, we define N := Nx(^a)^ and yo '■= 0, and we choose a map 
u G C°°([a,6] X Nx(^a)^,M) such that (5) and (6) hold. Here in (6) we 
canonically identified TQ{Ny.(^a)^) = ^x{a)^- We define 

(8) hol^ := pr^d(«(6, •))(0) : A^.(„)J^(= ro(7V,(„)jr)) ^ n,^,)J^. 

It follows from Proposition 6 that this map is well-defined. It can be viewed 
as the linearization of the holonomy of a foliation as defined for example in 
Sec. 2.1 in the book [MM]. 

Presymplectic manifolds and symplectic quotients. By a presym- 
plectic vector space we mean a real vector space V together with a skew- 
symmetric bilinear form uj. Let {V,u) be such a pair. For every linear 
subspace W C V we denote by := {v e V \ uj{v,w) = 0,\/w £ W] 
its a;-complement. The subspace W is called coisotropic iff C W. We 
define coranko; := dimy^. A presymplectic structure on a manifold M is 
a closed two-form co on M, such that corankajj; docs not depend on x G M. 
This number is called the corank of uj. Let (M, to) be a presymplectic mani- 
fold. The isotropic distribution TM'^ = {(x, u) | x G M, u G T^M"^] C TM 
is involutive. (This follows for example as in the proof of Lemma 5.33 in the 
book [MS].) We call J^^" the isotropic (or characteristic) foliation on M. 
We call (M, uj) regular iff J^^" is regular. Assume that (M, uj) is regular. 
We denote by M^^ the set of isotropic leaves of M, by 'Km,lo '■ M — > M^^ 
the canonical projection, and by Am,u> the unique manifold structure on 
such that TrM,oj is a submersion. There exists a unique symplectic form 
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(jOm on satisfying vt^^^wm = t^- The triple (M^,, ^m,u), t^M) is called 
the symplectic quotient of (M, w). If M is also closed then by a result by 
C. Ehresmann the quadruple (M, M^, Am,ui,'^m,uj) is a smooth (locally triv- 
ial) fiber bundle, sec the proposition on p. 31 in [Eh]. 

On the other hand, given a smooth fiber bundle (E, B, vr) and a symplectic 
form (7 on B, the pair {E,Tr*a) is a regular presymplectic manifold. Let 
(M, Lo) be a presymplectic manifold, and H C TM a distribution. We call 
H (uj-) horizontal iff it is .F-^^" -horizontal. This means that for every x G M 
we have T^M = H^® TxM'^ . Assume that H is horizontal. This gives rise 
to a closed two- form VL^^^h on the manifold (TiW^)*, as follows. For x E M 
we denote by pr^ : T^M —>■ T^M^ the linear projection along the subspace 
Hx QTxM, and we define 

(9) LH ■■ {TM^y ^T*M, LH{x,a) := {x, a opr^). 

We denote by vr : (TM'^)* M the canonical projection, and by oocan the 
canonical symplectic form on T*M. We define 

(10) Quj^H ■= 7r*a; + in'^can- 

By a result by C.-M. Marie there exists an open neighborhood of the zero 
section on which CIu^h is non-degenerate, see Proposition 3.2 in [Ma]. 

Coisotropic submanifolds and leafwise fixed points. Let (M, uj) be a 

presymplectic manifold. A submanifold A?" C M is called coisotropic iff for 
every x & N the subspace TxN C T^M is coisotropic. This holds if and only 
if the restriction u;|jv of a; to A^ (i.e. the pull-back under the inclusion map) 
is a presymplectic form satisfying dim A^ -|- coranka;|jv = dimM -|- corankw. 
(This follows from Proposition 12 below.) If N is coisotropic then 2 dim N > 
dimM -f- coranku;. In the extreme case coranko; = (i.e. cu symplectic) 
and dimA^ = dimM/2 the submanifold A^ is called Lagrangian. As an 
example, let F be a manifold, and {X, a) a symplectic manifold. We denote 
by Wean the canonical two-form on T*F, and define uj := a (B cOcnn- Then 
X X F is a coisotropic submanifold of (X x T*F,uj). As another example, 
every hypersurface (i.e. real codimension one submanifold) of a symplectic 
manifold is coisotropic. 

Let A^ C M be a coisotropic submanifold. For a point x £ N wc denote 
by Nx := A^ C A^ the isotropic leaf through x. Furthermore, we denote by 
the set of all isotropic leaves of A", and by ttat : A^ — A^, the canonical 
projection. We define the action spectrum and the minimal area of (M, uj, N) 
as 

(11) S{M, UJ, N):= u*uj u G C°°(I]), M) : ^F e : u{S^) C f| , 



(12) A{M,uj,N) :=inf (5(M,a;,Ar)n(0,oo)) G [0,oo]. 
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Furthermore, wc denote the linear holonomy hoi by hol'^' . We call A'^ 
regular iff the presymplectic manifold {N,io\]\i) is regular (i.e. the foliation 
J^^"^ on A'^ is regular) . Note that such an N is sometimes called "fibering" . 

Let ip : M ^ M he & map. We say that a point x £ N is leafwise fixed 
under cp iff ip(x) G N^. We denote by F]x{ip,N) = F]x(ip, N,lo) the set of 
such points. Assume now that coranko; = 0, i.e. that u is symplectic, and 
that (f is smooth. Wc call (A'^, ip, to) (or simply (N, (p)) non- degenerate iff the 
following holds. For xq G A^ we denote by pr^^, : T^^N T^^N/{Tx^NY the 
canonical projection. Let F C A?^ be an isotropic leaf, and x G C°°([0, 1], F) 
a path. Assume that (p{x{G)) = x(l), and let v G Tr^(Q)N D Tx(^Q-^(p~^ {N) be 
a vector. Then v ^ implies that 

(13) hol^'^pr,(o)i; 7^ pT,^^)dip{x{0))v. 

Note that in the case N = M this condition means that for every fixed point 
xq of (fi the differential dp^xo) does not have 1 as an eigenvalue. Furthermore, 
in the case that A^ is Lagrangian the condition means that every connected 
component N' C N intersects <p(N') transversely. 

Hamiltonian diffeomorphisms and Hofer distance. Let M be a man- 
ifold, and H G C°°([0, 1] x M,M). We abbreviate Ht := H{t, •)• The Hofer 
semi-norm of H is defined to be 

(14) \\H\\ := \\H\\m := [' ( sup Ht-MHA G [0,oo]. 

Jo M M ' 

It follows from Lemma 28 in the appendix that the function [0, 1] 3 t 1-^ 
sup^ Ht — infjv/f Ht G [0, 00] is Borel measurable. Therefore, the integral 

(14) is well-defined. Let now (M, oj) be a symplectic manifold. For a func- 
tion H G C°° (M, R) we define the vector field Xh generated by H via the 
formula dH = (jj{Xh,-)- For t G M we denote by the time-t-flow of 
the family {Xhs)s&. (if it exists). A diffeomorphism ip : M ^ M \s called 
Hamiltonian iff there exists a function H G C°° ([0, 1] x M, R) such that ip\j 
exists and equals ip. We denote by Ham(M, w) the group of all Hamilton- 
ian diffeomorphisms. For (pjtp E Ham(M, w) we define the Hofer distance 
d^'^{ip,ip) =d{(p,ip) to be 

(15) d((^,V') := ini {\\H\\ \ H e C°° {[0,l]xM,R) : ip]f = tP''^ oip} G [0,oo]. 

We denote by Hamc(M, w) C Ham(M, w) the subgroup of all diffeomor- 
phisms that are generated by some compactly supported function H : [0, 1] x 
M R. We define the compactly supported Hofer distance of ip,ip G 
Hamc(M, oj) to be 

(16) dc{ip,ilj) :=inf li/G C~([0,1] x M,R) : o (p = ipj^} . 
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Geometric boundedness. Let (M, cu) be a symplectic manifold, and J an 
^-compatible almost complex structure on M. We call (M, oj, J) (geomet- 
rically) bounded iff the Riemannian metric g^j := uj{-, J-) is complete with 
bounded sectional curvature and injectivity radius bounded away from 0. 
We call (M, uj) (geometrically) bounded iff there exists an almost complex 
structure J such that {M, u, J) is bounded. Examples are closed symplec- 
tic manifolds, cotangent bundles of closed manifolds, and symplectic vector 
spaces. For an almost complex manifold (M, J) and a totally real subman- 
ifold N C M we define 

(17) As2 (M, J) := inf { /^a u*ijj \u: S'^ ^ M J-holomorphic} , 

Ab{M, N, J) := inf {/jj u*a; I u : B ^ M J-holomorphic, u{S^) C A^} . 

Let {M,u) be a bounded symplectic manifold, and L C M a Lagrangian 
submanifold. We define 

(18) Ab(M,a;,L) := sup { min {A52(M, J), ^d(M, L, J)}}, 

where the supremum is taken over all (^-compatible almost complex struc- 
tures J on M such that (M, u, J) is bounded. 



The proof of Theorem 1 is based on the following result, which is a re- 
formulation of the Main Theorem in [Ch]. Recall the definition (12) of 

A{M,LJ,N). 

7. Theorem. Let (M, lo) be a bounded symplectic manifold and L C M a 
closed Lagrangian submanifold. Then there exists a constant C G (0, oo] such 
that C > A{M, Lo, L) and the following holds. If <f Ham(M, lo) satisfies 



For the convenience of the reader, let us recall Chekanov's theorem: 

8. Theorem ([Ch]). Let {M,uj) be a bounded symplectic m,anifold, L C 
M a closed Lagrangian submanifold, and if G Hamc(M, w). If dc{<f,id) < 
A]:y{M,uj, L) (defined as in (18)) and ^p{L) rh L then (2Q) holds. 

Proof of Theorem 7. Let M, uj and L be as in the hypothesis. We may 
assume without loss of generality that M and L are connected. We de- 
fine C := Ayj{M,uj,L). By quantization of energy for pseudo-holomorphic 
spheres and disks, this number is positive. 



3. Reduction to the Lagrangian case 




1. Claim. We have C > A{M,u,L). 
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Proof of Claim 1. Let J be as in the definition of boundedness of (M, w). 
Then A-o{M,L,J) > A{M,oj,L). Furthermore, let u : 5^ ^ M be a J- 
holomorphic map. Since M is connected, there exists a smooth map v : 
S'^ = CU{oo} — s- M that is smoothly homotopic to u and satisfies v{oo) G L. 
We choose a smooth map / : B — > that maps the interior 5i C B) 
diffeomorphically and in an orientation preserving way onto C. Then the 
map -y o / : D — >■ M is smooth and satisfies v o f{S^) C L. Furthermore, 



It follows that the set of numbers occurring in (17) is contained in S{M, lo, N) 
(as defined in (11)), and hence ^52 (M, J) > A{M,oj,L). Claim 1 fol- 



Let if G Ham(M, a;) be such that condition (19) is satisfied and ip{L) rh 
L. Applying Lemma 20 below with K := L there exists a function H G 
C~([0,1] X M,M) such that (52) holds. It follows that dc{(pjj,id) < C. 
Furthermore, by the first condition in (52) we have ^\j{L) = ip{L), and 
hence ip}j{L) rh L. Therefore, the hypotheses of Theorem 8 are satisfied 
with if replaced by ip\j. Inequality (20) follows from the conclusion of this 
theorem. This proves Theorem 7. □ 

Let now (M, uj) be a symplectic manifold and C M a coisotropic sub- 
manifold. Recall that denotes the set of isotropic leaves of A^, and 
ttat : AT — the canonical projection. We abbreviate tt := ttn- We define 
M := M X Aj^, and ln and N as in (4). For a map (f : M ^ M we define 



quotient of {N,Lo\i\t). Wc equip M with the manifold structure determined 
by the manifold structure on M and An,lu- Furthermore, we define lo := 
w © {—LOjsf). This is a symplectic form on M. 

9. Lemma. Let (M, u) be a symplectic manifold, and N C. M a connected 
coisotropic submanifold. 

(a) For every map cp : M ^ M we have 



Assume now also that A is regular. Then: 

(b) The map ln is a Lagrangian embedding with respect to u. 

(c) If if : M ^ M is a dijfeomorphism then the pair {N, ip) is non- degenerate 




lows. 



□ 



(21) ip:=ipx idN^ : M ^ M. 

Assume that N is regular. Then we denote by (A^^, An,u>,^n) the symplectic 



^ o iAr(Fix(v9, A)) = A n ip{N). 



if and only ip{N) rh N. 



For the proof of Lemma 9 we need the following. 
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10. Lemma. Let {M,lo) be a symplectic manifold, N C M a regular 
coisotropic submanifold, (f : M ^ M a diffeomorphism, F C. N a leaf, 

and X G C°°([0, 1],F) a path. Assume that x{l) = ip o x{0), and let 

V G rj.(o)iV n T^(^Q-^ip~^ {N) . Then (13) is equivalent to Tr^ip^tV / Tr*^;. 

Proof of Lemma 10. We fix y G AT. By Lemma 24(b) below we have ker dTr{y) = 

TyN'^ . Hence we may define 

% : {TyN)^ = TyN/TyN^ ^ Tn,{N^), + TyN^) := d'K{y)w. 

Since dTT{y) : TyN [TyN)^ is surjcctive, <I>y is an isomorphism. Further- 
more, ^yY>Ty = dTT{y), where pr.^ : TyN — * [TyN)^ denotes the canonical pro- 
jection. Hence Lemma 24(f) below implies that (i7r(x(0)) = <I>2,(i)hol^'''^pr3.(o)- 
It follows that 

(7r*(/5* - TT*)?; = $^(i)(pr^(i)(/9* - hol^'^pr^(o))t;. 

Since ^x{i) is an isomorphism, the statement of Lemma 10 follows. □ 

Proof of Lemma 9. Statement (a) follows from the definition of a leafwise 
fixed point. 

We prove (b). That ijv is an injective Lagrangian immersion follows 

immediately from the definitions. To see that it is an open map onto its 
image N , let ?7 C be open. We choose an open subset F C M such that 

V f\ N = U , and denote by tti : M = M x A''^^ — > M the projection onto 
the first factor. Then ln{U) is the intersection of N with the open subset 
Tri^{V) C M, hence it is relatively open in N. This proves (b). 

We prove (c). Assume that x G Fix{ip,N) and denote x := ip o tN{x). 
Note that by assertion (a) x G A'^ H ip{N). 

1. Claim. N and (p{N) intersect transversely at x if and only if 
Proof of Claim 1 . For y e N we have 

(22) T,^{y)N = iN.TyN = {{v,t:.v) \ v G TyN). 
Setting y := X, it follows that 

(23) T^^(AO = ^.LN^T^N = {{^,v,TT^v) \ v G T^N). 

On the other hand, since x G Fix((/9, A^), we have t^r o 'p>{x) = ipo iN{x) = x. 
Therefore, applying (22) with y := (p{x), and combining with (23), we obtain 

T^N n Tj^(iV) = { {(p^v, TT^v) I V G T^N : ip^v G T<^(^)A^, ir^ip^v = tt^v}. 
Claim 1 follows from this. □ 
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Assume now that (A^, (p) is non-degenerate. Let xq G Nr\ip{N). By assertion 
(a) there exists xq G Fix((/7, N) such that lpoLN{xo) = xq. We choose a path 
X £ C°°{[0,l],N^o) such that x(0) = xq and x{l) = v?(xo). If 7^ u G 
TxqN n T2;„(y9^^(A) then by (13) and Lemma 10 we have 7r^,(/3*u 7^ 7r*i;. 
Therefore by Claim 1 with x replaced by xq the manifolds (p{N) and N 
intersect transversely at xq. It follows that (p{N) fh N. 

Conversely, assume now that (p{N) fh N. Let C A'" be a leaf, and 
X £ C°°{[0, l],i^) a path, and assume that x{l) = cp o x{0), and ^ v £ 
ra,(o)An T^(^Q^ip~^{N). By Claim 1 we obtain ir^ip^v 7^ vr^f. Therefore, by 
Lemma 10 the inequality (13) is satisfied. It follows that {N, if) is non- 
degenerate. This proves (c) and completes the proof of Lemma 9. □ 

11. Lemma (Key Lemma). Let (M, a;) he a symplectic manifold, N C M 
a closed, regular coisotropic submanifold, and let M, u and N be defined as 
in (3,i). Then 



Proof of Lemma 11. In order to show that (24) with "=" replaced by ">" 
holds, let u G C°°(©, M) be a map such that there exists a leaf F C N 
satisfying u{S^) C F. Then the map 



such that u{S^) C A. It suffices to prove that there exists a map u G 
C°°(B, M) such that u{S^) is contained in an isotropic leaf of A^, and 



To see this, we choose a smooth map p : [0, 1] [0, 1] such that 

p(l/2) = l, p(r) =r, Vr G [0,1/4], p(r) = 1 - r, Vr G [3/4, 1], 

p'(r) > 0, Vr G (0, 1/2), p'{r) < 0, Vr G (1/2, 1), 

and all derivatives of p vanish at 1/2. We define : D — B by ip{rz) := 
p{r)z, for r G [0, 1] and z £ S^. 

1. Claim. There exists a smooth map u : B — > M such that 
u{z) = V o (f{z), if \z\ < 1/2, 

(26) u{z)eN, Trou{z) = w' oip{z), if 1/2 <\z\< I. 

Proof of Claim 1. We define /' : [0, 1] x ^ A^ by f{t,z) := w'{tz). For 
every z G we have by assumption u{z) G A^, i.e. tt o v{z) = w'{z) = 
f'{l,z). Hence /' is a smooth homotopy in N^, ending at the map irovlgi. 



(24) 



A{M,LJ,N) = A{M,u,N). 



u -.B ^ M = M X N^, «(z) := (^(z), A„(i)) 

satisfies Jjj u*u; = u*u>. The inequality ">" in (24) follows. 

To show the opposite inequality, let u = {v,w') G C°°(B, M) be a map 



(25) 
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Since is closed and the projection tt : N —>■ N^^^ is a submersion, results by 
Ehresmann imply that there exists a smooth map / : [0, 1] x 5^ — TV such 
that vr o / = /' and /(I, •) = v\si. (See [Eh], the proposition on p. 31 and 
the second proposition on p. 35.) We define n : B ^ M by 



u{z) :-- 



V o ip{z), if \z\ < 1/2, 

f{p{\z\),z/\z\), ifl/2<|z|<l. 

This map has the required properties. This proves Claim 1. □ 



We choose a map u as in Claim 1. By the definition of lo we have u*u; = 
v*uj — w'*ujn. Therefore, equality (25) is a consequence of the following: 

2. Claim. We have 

(27) / u*uj = / v*uj, / u*uj = — w'*lon. 

Proof of Claim 2. The first identity in (27) follows from the fact that tp re- 
stricts to a diffeomorphism from B1/2 onto Bi. To prove the second identity, 
observe that by the definition of the symplectic form lon on the quotient A^^^, 
and (26), we have on D \ i?i/2) 

(28) u*iL> = u*tt*ujn = (vr o u)*ujn = {w' o ip)*ijj\f = (p*w'*ujN- 

Since f restricts to an orientation reversing diffeomorphism from Bi \ -B1/2 
onto Si\{0}, (28) implies that J^^^g^^^ u*oj = — /g^^jo} '^'*^N- This implies 
the second identity in (27) . This proves Claim 2 and completes the proof of 
Lemma 11. □ 



4. Proofs of the main results 

Proof of Theorem 1. Let M, a; and N be as in the hypothesis of this theo- 
rem. Without loss of generality we may assume that N is connected. Since 
N is regular, the symplectic quotient {Ni^,AN,ix>\i^-,'^N) of {N,(jj\n) is well- 
defined. We define M.^uj and as in (3,4). Since N is closed, A'^ is closed. 
By a straight-forward argument the product of two bounded symplectic man- 
ifolds is bounded. It follows that {M,uo) = (Mx A'^,,a;©(— wjv)) is bounded. 

Furthermore, by Lemma 9(b) A?^ C M is a Lagrangian submanifold. It is 

closed since A^ is closed. Therefore, applying Theorem 7 with Af, uj replaced 
by MjCJ, and L := A^, there exists a positive constant C > A{M,uj, N) such 
that the statement of that theorem holds. We check that this constant has 
the required properties: By Lemma 11, we have C > A{M,u},N). Let now 
(p G Ham(M, w) be such that {N,(p) is non-degenerate and inequality (1) is 
satisfied. We define (f as in (21). Using Lemma 19 below, it follows that 

d^'=(^,id^)<d^'-(<^,id)<C. 
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Furthermore, by non-degeneracy of (iV, (p) and Lemma 9(c) we have ^{N) iti 
N . Therefore, by the conclusion of Theorem 7, we have 

(29) |(iVn^(iV))| >^6i(iV,Z2). 

i 

On the other hand, parts (a) and (b) of Lemma 9 imply that 

|Fix(<^,A^)| = |(7Vn^(7V))|, bi{N,Z2) = bi{N,Z2),yi. 

Combining this with (29), inequality (2) follows. This proves Theorem 1. □ 

Proof of Theorem 1. Let M,lu, N, f, l and e be as in the hypothesis. We 
choose a Riemannian metric g on M, and denote by and d the norm on 
TxM (for X G M), the length functional, and the distance function, all with 
respect to g. Furthermore, for x,y e M, a linear map T : T^M — TyM, 
and a bilinear map b : T^M x TxM ^ W we define 

|T|op := ma^{\Tv\\v eTxM,\v\ = l}, 

\b\ := max. [\b{v,w)\\ v,w e TxM, \v\ = \w\ = l}. 

Assume first that there exists a closed presymplectic manifold {M',uj') 
and an a;'-horizontal distribution H C TM' such that N is the zero-section 
of {TM''^ )*, M is an open neighborhood of iV, and u = ^u}',H (as defined 
in (10) with oj replaced by oj'). We identify M' with N. We denote by 
TT : {TN'^Y N the canonical projection. Wc choose a smooth function 
p : M — > M that has compact support and equals 1 in a neighborhood of 
N. We define F := p • (/ o tt) : M ^ M. Let t G R, and xq G Crit/ C N. 
Then dF{xo) = df{xo)dTT{xo) = 0, hence Xp{xo) = 0, and therefore xq G 
Fix(v9*^,iV). It follows that Crit/ C Fix{(p^p,, N). 

1. Claim. There exists a number ti > such that for every t G {0,ti], we 
have Fix{ip*p,N) C Crit/. 

Proof of Claim 1. For (tQ,xo) G [0, oo) x M we abbreviate 
e{to,xo) :=^([0,to] Bt^if'xixo) e M). 

2. Claim. There exists a constant C such that for every t G [0, oo), and 
Xq G Fix(ip^p, N), we have 

(30) d{xo,p'p{xo)) <Ciit,xof. 

Proof of Claim 2. We denote by y|jv the restriction of g to TN © TN. Ap- 
plying Proposition 23 below with the isotropic foliation of N, the hori- 
zontal distribution H, and M,g replaced by N,g\i\f, there exists a constant 
C such that the conclusion of that lemma holds. Let t G [0, oo) and xq G 
Fix{(pp, N). We define x : [0,t] ^ N by x{s) := n o (pp(xo). By Lemma 21 
below with M,uj replaced by N,u>\n, we have x{s) = iT^XFOipp{xo) G -^^(s)! 
for every s G [0,t]. Furthermore, x{t) = ipp{xo) lies in the isotropic leaf 
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through x(0), since x(0) = xq G Fix{ipp, N). Therefore, the conditions of 
Proposition 23 are satisfied, and hence 

(31) d(xo,v^kxo)) < d^l^(xo,^*F(xo)) < Ce{xf. 

Here d^'^ denotes the distance function on A'' induced by g\i\f. We denote 
hy K C M the support of p, and C := maxy^K \dTT{y)\op- Then i{x) < 
C'£{t,xo). Combining this with (31), we obtain 

d{xo, ifUxo)) <CC'^ lit, xo)^. 
Claim 2 follows. □ 

We choose a constant C as in Claim 2. Wc apply Lemma 26 below with 
X := Xp, and / replaced by the map [0, oo) 3 a ^^ Ca 6 [0,oo), and 
we choose a constant ti := e > as in the assertion of that lemma. Let 
t < ti and xq G Fix(ip^p, N). Then inequality (30) holds, and therefore by 
the conclusion of Lemma 26, Xp{xo) = 0. It follows that df{xo)d7r{xQ) = 
dF{xo) = u:{Xf{xo), •) = 0, and therefore df{xo) = 0, i.e. Xq G Crit/. This 
proves Claim 1. □ 

We choose a number ti as in Claim 1. Since F has compact support, there 
exists a number t2 > so small that ||io</7^ oi~^ — id||(^ij-^j-j^^^^ < s, for every 

te[0,t2]. 

3. Claim. There exists t^ > such that for every < t < t^ the pair 
(AT, (^^) is non-degenerate. 

Proof of Claim 3. Let xq G Crit/. Then Xf(xq) = 0, and hence the de- 
rivative dXpixo) : T^qM ^ T^qM is well-defined. We fix t G M. Then 
"^fC^o) = Xq, and hence dip^p{xo) is a linear map from T^qM to T-^gM. 
Hence we may define 

(32) := d^'p {xo ) - id - tdX^^ (xq ) : T^o ^ ^ ^^a^o 

We have T^^ = 0. Furthermore, by a calculation in local coordinates, we 
have ^Ij^q dv?5^(xo) = (iXi7(xo). Hence by Taylor's theorem there exists a 
constant Cx^ such that jT^^Jop < Cx^t^, for every t G [0, ti]. 

A calculation in Darboux charts shows that the bilinear form Bx^ ■ 
TxqM X TxqM 3 {v,w) I— > u}(^dXF{xo)v,w) G M is the Hessian of F. Since 
-^Iat = /, it follows that the restriction bx^ := Bxo\Tj;gNxT:^QN is the Hessian 
of /. We define the linear map A : Tx^^N — > Tx^N by gxQ{-,A-) := bx^, 
and we denote by V-^ and V- the direct sum of the positive and negative 
eigenspaces of A, respectively. It follows that A is self-adjoint with respect 
to gxo- Since by assumption / is Morse, the form bxg is non-degenerate, 
hence A is an isomorphism, and therefore Tx^N = V+ ® V-. We define 
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:= min{|A| | A eigenvalue of Since / is Morse the set Crit/ is iso- 
lated. Since N is compact, it follows that Crit/ is finite. Hence we may 
define 

(33) t3 := min f / ^""7 , xq G Crit/1 U {ti} 

\l/L-xo\UJxo\ J 

For Xo G A'' we denote by pr^.^ : T^^N TxqN/TxqN^ the canonical pro- 
jection. Let < t < ^3, F C iV be a leaf, x G C°°([0, 1],F) a path, and 
V G T^{o)N n T^(o)((^p)"-^(A^). Assume that (/?^(x(0)) = x{l), and that 

(34) hol^'^pr,(o)i; = pr,(i) V^(x(0))i;. 
Claim 3 is a consequence of the following. 

4. Claim. We have v = 0. 

Proof of Claim, 4. Since ipp{xo) = x{l) G F, we have xq G Fix((/?p, A?"). 
Therefore, using t < < ti, Claim 1 implies that xq G Crit/, and hence 
x{l) = x(0). Recall that ttn denotes canonical projection from N to the 
set of isotropic leaves N^. We abbreviate xq := x{0). Since by assumption 
A'' is regular, it follows from (34) and Lemma 10 that d'K]s[{xo)d(p^p{xo)v = 
dTTM{xQ)v. By Lemma 24(b) this means that 

(35) dip^p{xQ)v -V e kerd7r(xo) = T^^.N'^. 

We define v± G V± by u+ + V- := v. Since A is ^'^jQ-self-adjoint, eigenvectors 
of A for distinct eigenvalues are ya;^ -orthogonal to each other. It follows that 
bxQ{v-,v+) = 0, and therefore, 

(36) CxobiP < |?'xo(^>^±)| = \uj{dXF{xo)v,v±)\. 
By (32) and (35) we have 

(37) tiu[dXF{xo)v,v±) + iu{Tl^v,v±) = Lo[d(pp{xo)v — v,v±) = 0. 
Furthermore, we may estimate 

(38) \u{T',^v,v±)\<\uxo\\T',Jop\v\\v±\. 

Consider the case \v^\ > \v-\. Then \v\ < y/2\v-^-\, since V+ and V- are 
orthogonal with respect to gx^- Hence (36,37,38) imply that Cxolt'+pt < 
V^l^xoIlT!^,, lopli'+P- Combining this with the inequalities iT^^^lop < Cx^t'^ 
and t < ts, and (33), < {l/V2)cxo\v+\'^t. Since Ca;Q,t > 0, 

it follows that = |?;+| > \v-\, and therefore v = v+ + v- = 0. The 
case \v-\ > \v^\ is treated in an analogous way. This proves Claim 4 and 
completes the proof of Claim 3. □ 

We choose a number as in Claim 3, and define (p := ^™™'l*i'*2'*3}^ This 
map has the required properties. This proves Theorem 2 in the case in which 
M and N are an open neighborhood and the zero-section of {TM"^ )*, for 
some closed presymplectic manifold {M',u'), and uj is of the form ^ui',H- 
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Consider now the general case. Let M,u}, N, f, l and e be as in the hy- 
pothesis of Theorem 2. We denote by iV" C (TN'^)* the zero section. We 
choose an w-horizontal distribution H C TN, and define lv := ^uj\n,h- 
a theorem by C.-M. Marie there exist compact neighborhoods K C M of 
N and K C (TN'^)* of A'^, and a diffeomorphism ip : K ^ K such that 
V'(Ar) = N and tj:*uj = u. (See 4.5. Theoreme on p. 79 in [Ma].) We define 

We denote by mtK the interior of K. We proved that there exists ip G 
Hamc(inti<',a;) such that Fix(^, iV) = Crit/, (TV, i^, cD) is non-degenerate, 
and ||7o tp oT'^ — ^dWcT-^z^mtK)) ^ ^- define (p : M ^ M to he the 
extension of ip~^ o Ip o t/j : intK — mtK by the identity. It follows that 
ip G Hamc(M, w), 

Fix((^,7V) = V'-^(Fix(^,7V)) = Crit(/o V;|jv) = Crit/, 

and (A^, ip,uj) is non-degenerate. Furthermore, i o (p o = To ip oV^ on 
l{K) = i:{k) C M^n^ and therefore, 

Hence (/p satisfies the required properties. This proves Theorem 2 in the 
general case. □ 

Proof of Proposition 3. Note that the isotropic leaf through a point G 
n) is the orbit U(/s)-6 of the action of U{k) on V{k^ n) by multiplication 
from the left. 

1. Claim. We have A{C'''''^,ujQ,V{k,n)) < tt. 

Proof of Claim 1. Consider the map n : B ^ (^kxn (j^f^f^Yicd by u^i{z) := z, 
for z G D, it*j = 1, for i = 2, . . . , k, and m*^ = 0, for i = 1, . . . , A;, j = 1, . . . , n 
such that i 7^ j. Then ?i(S'^) is contained in the leaf '[J{k)-u{l). Furthermore, 
J^u*iOo = TT. Hence tt G S'(C'^^", cjq, ^(A;, n)) (defined as in (11)). Claim 1 
follows from this. □ 

2. Claim. We have A{C'''''',ojo,V{k,n)) > tt. 

Proof of Claim 2. Let u G C°°(B, C'^^"), and assume that u*ujo > 0, and 
that there exists an isotropic leaf F C V{k, n) such that u{z) G F, for every 
z G 5^. Since the action of U{k) on V{k,n) is free, there exists a unique 
map 5(0 : S-*- — i7(fc) such that u{z) = go{z)u{l), for z G S'-'-. This map is 
smooth. We define d to be the degree of the map detogio : ^ S^. Claim 
2 is a consequence of the following. 

3. Claim. We have J^u*iOo = dw. 
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Proof of Claim 3. We define 

ho:S^^ U{k), ho{z) := diag(z^ 1, . . . , l)go{z)-\ 

Here diag(ai, . . . , a^) means the diagonal k x /c-matrix with diagonal entries 
ai, . . . , Ok- The map det oho ^ has degree 0. Since the determinant 
induces an isomorphism of the fundamental groups of U{k) and S^, it follows 
that there exists a continuous homotopy from the constant map 1 to /iq. This 
gives rise to a continuous map : D ^ U{k) such that h\gi = Hq. We may 
assume w.l.o.g. that h is smooth. Let fj, : C^^"- LieU(/>:) be a moment 
map for the action of U{k) on V{k,n). By a straight- forward calculation, 
we have 

{hu)*UQ = u*LOo — (K^fi o u, h~^dh), 
see Lemma 9 in [Zi2]. By Stokes' theorem, it follows that 



(39) [ u*uo = [ {h 

J Jo 



We define the map v : B ^ C''^" by v{z) := diag(z'^, 1, . . . , l)u(l), for zeB. 
Then for z & S^, we have {hu){z) = {hou){z) = v{z). Therefore, 

/ {hu)*UJo= / V*LOo = d'K = dTT. 

j=l,...,n 

Here in the last equality we used that the first row of has norm 1. This 
proves Claim 3 and hence Claim 2. □ 

Claims 1 and 2 imply that ^(C'=^",a;o, ^(A;, n)) = tt. This proves the first 
assertion. To prove the second assertion, let C > vr. Then there exists 
H e C~(C,M) such that ip^~{n)nB) = 0, and ||^|| < C. (Sec for example the 

proof of Proposition 1.4. in [Ho].) We define tt : C*^^" ^ C by 7r(e) := e^^, 
and choose p G C°°(C*^^", [0, 1]) with compact support, such that p = 1 on 
Ut6[o,i] 'P%^^{V{k,n)). We define H := p-{H ott) : C'^^" ^ M and := ip]j. 

Then ip G Hamc(C^^"', cjq), and 4(93, id) < \\H\\ = \\H\\ < C. Furthermore, 
iriVik, n)) = B and tt o cnL = o tt. It follows that 

■K{V{k, n)) n TT o ip^~^^{V{k, n)) C D n (B) = 0. 

Hence V{k,n)ri(p^~^^{y{k,n)) = 0. Our choice of p implies that ^^g^^ = 
on V{k,n). It follows that V{k^n) PI ip\j(y{k,n)) = 0. Therefore, tp has the 
required properties. This proves Proposition 3. □ 

Proof of Proposition 4. Let Mj, Wj, L, M, u, N and tp be as in the hypothesis 
of the Conjecture. Without loss of generality we may assume that Mi and 
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L are connected. Wc define 

M := Ml X M2 X Ml, uj := uJi ® UJ2 ® (-^i), 
N := [{xi,X2,xi) G M I xi e Ml, X2 G L}, if := if x idMi- 

Then is a Lagrangian submanifold of M. Since Mi and L are closed 
manifolds by assumption, it follows that N is closed. The map 

tjj-.M^M, '4){xi,X2,y) := {y,ip{x2),xi). 

is an tD-anti-symplectic involution whose fixed point set equals N . Further- 
more, A'^ = Ml X L C. M = Ml X M2 is a regular cj-coisotropic submanifold, 
and the symplectic quotient (^N^,Aj\f^i^\^,ujN) of {N,ui\n) is isomorphic to 
(Ml, wi) via the map Mi 3 y {y} x L € N^^. Via this map, the definitions 
of M,LO and ^ agree with (3,4,21). Hence by non-degeneracy of {N,ip) and 
Lemma 9(c), we have N rh ^{N). Thus M,w and N satisfy the hypotheses 
of the Lagrangian AGC. Supposing that this conjecture is true, it follows 
that 

(40) |iVn^(iV)| >^6i(iV,Z2). 

i 

The manifolds and are diffeomorphic, and therefore their Betti sums 
agree. Furthermore, Lemma 9(a) implies that |Fix((/?, A'')! = |iVni^(iV)|. 
Combining this with (40), we obtain inequality (2). This proves Proposition 
4. □ 

Proof of Corollary 5. Let (M, cj) be a bounded and aspherical symplectic 
manifold, and (M', u') a closed and regular presymplectic manifold of corank 
dim M — dim M'. Assume that M' has a simply-connected isotropic leaf Fq, 
and that there exists an embedding ip : M' M satisfying ^*a; = a;'. Let 
if G Ham(M, w). It suffices to prove that A^ := ^(M') intersects ^p{N). 
Replacing M' by the connected component of M' containing Fq, we may 
assume without loss of generality that M' is connected. It follows from 
Proposition 12 below that the submanifold '0(M') C M is coisotropic. We 
choose a constant C > as in Theorem 1. If {N,ip) is degenerate, then by 
definition Fix((^, A^) 7^ 0, and hence A^ n ip{N) / 0. So assume that (A^, (p) 
is non-degenerate. 

1. Claim. We have A{M,oj,N) = 00. 

Proof of Claim 1. Let u G C°°(]D), M) be a smooth map such that there 
exists F G N^j satisfying u{S^) C F. Since A^ is closed and the canonical 
projection tttv : A^ is a submersion, by the proposition on p. 31 in 

[Eh] it is a locally trivial fiber bundle. Since A^ is connected, it follows 
that F is diffeomorphic to Fq, and therefore simply connected. Hence there 
exists a smooth map u : D — F such that u and v agree on the boundary 
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S^. We choose a map p G C°°{[0, 1], [0, 1]) such that p{r) = r for r < 1/2, 
p{l) = 1, p'{r) > 0, for every r G (0,1), and all derivatives of p vanish 
at r = 1. We define / : D ^ B by f{rz) := p{r)z, for r e [0, 1] and 
z & S^. We denote by O the disk with the reversed orientation, and by 
w := {uo f)#{v o f) : S'^ = B#B — >■ M the concatenation of the maps no/ 
and i^o/. This map is smooth, and since {M,lo) is symplectically aspherical, 
we have 

(41) = / w*uj= [ {uofYu- [{vof)*Lo. 

Js'^ JBi Jn 

Since v takes values in the isotropic leaf F, we have {v o f )*uj = 0. Thus 

(41) implies that j'^u*oj = Jq^{uo f)*oj = 0. Claim 1 follows from this. □ 

Claim 1 implies that C = oo, and hence inequality (1) holds. Therefore, the 
conditions of Theorem 1 are satisfied. Applying this theorem, inequality (2) 
follows, and therefore N n (p{N) ^ 0. This proves Corollary 5. □ 

Appendix A. Auxiliary results 

A.l. (Pre-)symplectic geometry. The following result was used in Sec- 
tion 1 and in the proof of Corollary 5. It will also be needed for the proof 
of Proposition 15 below. 

12. Proposition. Let {M,uj) be a presymplectic manifold, M' a manifold, 
ip : M' ^ M an immersion, and to' := If u' has constant corank then 
the inequality 

(42) dim M' + corank lo' < dim M + corank lo 

holds. Suppose now that ijj is an embedding. Then ip{M') C M is coisotropic 
if and only if lo' has constant corank and equality in (42) holds. 

For the proof of this proposition we need the following lemma. 

13. Lemma. Letiy,oj) and iy' ,ui') be presymplectic vector spaces (possibly 
oo - dimensional) , and ^ -.V' a linear map such that = lo' . Then 

(43) dim V' + corank lo' < dim V + corank lo + dim ker + dim ker * | y,^i . 

Furthermore, if dim V, dim V' < oo then '^V' C.V is coisotropic if and only 
if equality in (43 ) holds. 

The proof of this lemma is based on the following. 

14. Lemma. Let {V,lo) be a presymplectic vector space, and W C. V a 
subspace. Then 

(44) dim W + dim W"^ < dim y + dim . 
Furthermore, if dim V < oo and C W then equality in (44 ) holds. 
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Proof of Lemma 14. To see that (44) holds, we define the hnear map : 
V ^ V* by uj'^v := uj{v, ■). We denote hy iw - W the inclusion. Then 
= ker(z|^,a;#), and therefore, 

(45) dim im(i^a;#) + dim = dim V. 

Consider the canonical isomorphism i -.V ^ F**, i{v){(p) := ip{v). A direct 
calculation shows that (a;*)*t = — a;#. It follows that (a;*ii^)*i = — i^a;#, 
and therefore 

(46) dimim(a;'^ivK) = dimim(a;'^ivi/)* = dimim(i^a;*). 

On the other hand, we have dim ker(a;*i|y) < dimker(a;'^) = dimy^. Com- 
bining this with (46), we obtain 

dimTy = dimker(u;*i^y) + dimim(ti;*ity) < diml^'^ + dimim(i^c<;*). 

This together with (45) imphcs (44). 

Assume now that C W. Then dimker(a;'^ivi/) = dimker(a;'^), and 
therefore the above argument shows that equality in (44) holds. This proves 
Lemma 14. □ 

Proof of Lemma 13. The hypothesis **a; = u' implies that 

(47) ^{V"^') C {^VT- 

It follows that 
(48) 

dimF"^' = dim^'(F"^') + dimker*|^,<,/ < dim(*F')'^ + dimker , 
and therefore 

dim V' + corank oj' = dim(^'y') + dim ker * + dim V''^ 
< dim(^'y') + dim(^'y')'^ 
(49) + dim ker + dim ker * | . 

Applying Lemma 14, inequality (43) follows. The second statement is a 
consequence of the following two claims. 

1. Claim. '^V' is coisotropic if and only if equality in (47) holds. 

Proof of Claim 1. If equality in (47) holds then (^F')'^ = "^{V"^') C ^V, 
hence is coisotropic. Conversely, if ^V' is coisotropic then a straight- 
forward argument implies that (^'F')'^ C ^'(F"^ ), hence equality in (47) 
holds. This proves Claim 1. □ 

Assume now that dim V, dim F' < oo. 

2. Claim. Equality in (47) holds if and only if equality in (43) holds. 
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Proof of Claim 2. Suppose that equality in (47) holds. Then equality in 

(48) and in (49) holds. Furthermore, C (^'F')"' = ^(V""^') C ^V', and 
hence by Lemma 14 

dim(^'F') + dim(*y')'^ = dimV + corankw. 

Combining this with (49), it follows that equality in (43) holds. 
Assume now on the contrary that equality in (43) holds. Then 

dim(^'F')'^ < dim F + dim - dim ^V' 

= dim V' — dim ^V' — dim ker * + dim V"^ — dim ker * | y,^' 

= + dim^'(y"^'). 

Here in the first step we used Lemma 14. It follows that equality in (47) 
holds. This proves Claim 2 and concludes the proof of Lemma 13. □ 

Proof of Proposition 12. Let M, to, M' , and u' be as in the hypothesis. We 
choose a point x' £ M' , and define 

V' := T^'M', n' := uj'\v'xV', V := r^(^')M, Q := uj\vxV, * := dtp{x'). 

Then the hypotheses of Lemma 13 are satisfied with uj, uj' replaced by 1^, Q! . 
It follows that inequality (43) holds. Since ^ is injective, this implies in- 
equality (42), provided that a;' has constant corank. 

Suppose now that -0 is an embedding. Assume that uj' has constant corank 
and equality in (42) holds. Let x' G M' . Applying Lemma 13 with V' 
and as above, and 00,00' replaced by Q,,Q', it follows that T^(a;/)V'(M') = 
^V' C T^(^y.i^M is coisotropic. Hence 0(M') C M is coisotropic. Conversely, 
assuming that ip{M') C M is coisotropic, Lemma 13 implies that the corank 
of ui' at any point x' G M' equals dimM + corank a; — dimM'. This proves 
Proposition 12. □ 

The next result was used in Section 1. Let {X,a) be a closed symplectic 
manifold, : E ^ X & closed smooth fiber bundle, H C TE a horizontal 

subbundle, and let N,Trx, t'H,^^ ^a,H Skud M be as in the construction 
explained in that section, on p. 3. 

15. Proposition. N M is a regular coisotropic suhmanifold. Further- 
more, if {X,a) is symplectically aspherical then A{M,oo,N) = 00. 

For the proof of Proposition 15 we need the following. We denote by 
the embedding of £^ as the zero section N C V*E. 

16. Lemma. We have Tr*a = i*^oo. 

Proof of Lemma 16. We denote by Je the embedding of E as the zero- 
section of T*E. Then lh ° iE = Je, and therefore, denoting by Acan the 
canonical one-form on T*E, we obtain i%t*ffiOcg,n = —dj^Xcan = —dO = 0. 
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Since ttx ° iE = t^, it follows that 7r*c7 = i*E{'^x'^ + '-l/'^can) = i^'^- This 
proves Lemma 16. □ 

For any manifold M and any positive integer k we denote by 0,''{M) the 
space of differential forms of degree k. 

17. Lemma. Let M and N be smooth manifolds, A; > 1, w G Q^{N) a closed 
form, and u : [0,1] x M ^ N a smooth map such that u(t,x) = u{0,x), 
for every t G [0,1], x G dM. Then there exists a G O^^^(M) such that 
da = u{l, ■)*a; — ^(0, ■)*a;, and a{x) = 0, for all x G dM. 

Proof of Lemma 17. This follows from the proof of Theorem VI(7.13) p. 270 
in the book [Bo] . □ 

18. Remark. Let {M,lv) and {M',uj') he presymplectic manifolds, and 
ip : M' M a diffeomorphism such that ijfuj = uj' . Then by a straight- 
forward argument the image of every isotropic leaf of M' under tp is an 
isotropic leaf of M. Furthermore, the map M^, 3 F' t-^ € is a 
bijection. 

Proof of Proposition 15. We may assume without loss of generality that E 
is connected. By Lemma 16 we have i'^uj = TT*a. Furthermore, for every 
e G -B we have T^E'^ = kerd7r(e), and hence i*^uj has constant corank 
equal to the dimension of the fiber of E. It follows that equality in (42) 
holds with M' := E, tp := i^;, and u' := tlj*uj. Hence by Proposition 12 
the submanifold A'^ C M is coisotropic. Furthermore, the leaf relation of 
{E, TT*a) consists of all pairs (zq, x[) & E x E that lie in the same connected 
component of one of the fibers of E. It follows from an argument involving 
local trivializations for E that this is a closed subset and a submanifold. 
Hence {E,-K*a) is regular. Since a;|Ar is the push-forward of 7r*a under the 
diffeomorphism is E ^ N, it follows that N is regular. 

To prove the second statement, assume that {X, a) is aspherical. Let 
u G C°°(B, M) be a map such that there exists a leaf F G N^j satisfying 
^ F. It suffices to prove that Jjj)U*u> = 0. To see this, we denote 
by TTo the canonical projection from V*E to its zero-section N. We choose 
a smooth function p : [0,1] [0,1] such that p(r) = r, for r < 1/3, and 
p{r) = 1, for r > 2/3. We define «o : ID) — > M by uo{rz) := ttq o u{p{r)z), for 
r G [0,1] and z G S^. 

1. Claim. We have 

(50) [ u*uj= [ u*qUJ. 

Jv) Jd 

Proof of Claim 1. We define the map h : [0, 1] x V*E V*E by h{t, e, a) := 
(e, to), and the map / : [0, 1] x D ^ V*E by 

f{t,rz) ■.= h(t,u{{tr + {l-t)p{r))z)yWe[0,l], zeS\ 
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Observe that /(O, •) = uq, and /(I, •) = u. Since u{S^) C. F C. N, we have 
f{t,z) = f{0,z), for every t G [0,1] and z e S^. Hence the hypotheses of 
Lemma 17 arc satisfied, with M, N replaced by D, V*E, and u replaced by 
the map /. If follows that there exists a € il^(D) such that 



Together with Stokes' Theorem this implies (50). This proves Claim 1. □ 
2. Claim. We have Jjj^UqLO = 0. 

Proof of Claim 2. To sec this, we choose an orientation preserving diffco- 
morphism (p : C —>■ Bi, and we define the map / : 5^ = C U {cxd} — s- X 



3. Claim. This map is smooth. 

Proof of Claim 3. /|c is smooth. Furthermore, by Remark 18 there exists 
a 7r*o"-isotropic leaf F' of E such that iE{F') = F. Let eg € F'. Since for 
every e & E we have TgE'^ = kerd7r(e), it follows that F' is the connected 
component of the fiber of E containing eo. Since ttx ° is = this implies 
that TTx equals the constant 7r(eo) G X on F. We choose a number tq > 
such that |(^(rz)| > 2/3, for r > rg and z G S^. Let z £ C \ Br^. Then 
UQO(pi^z) G u{S^) C F, and therefore f{z) = 7r(eo). Since also /(oo) = 7r(eo), 
it follows that / is smooth on S"^. This proves Claim 3. □ 

By Claim 3 and symplectic asphericity of X we have 

(51) = / /*<7 = / {t^xouqo (fYu = / {-kxouqYg. 

Js^ Jc JBi 

Let vo : D — -E be the unique map such that is o vq = uq. Then ttx o uq = 
TT o vq, and hence using Lemma 16, 

{ttx o uo)*a = VQ'K*a = VQi*EU = UqUJ. 

Inserting this into (51), Claim 2 follows. □ 

Claims 1 and 2 imply that Jj^u*u! = 0. It follows that A{M,uj,N) = oo. 
This proves the second statement and completes the proof of Proposition 



The next lemma was used in the proof of Theorem 1. 

19. Lemma. Let {M,lo) and {M',lo') be symplectic manifolds, ^ G 
Ham(M,u;), and ip'^ f G Ham(M',u;'). Then 



da = u*u! — UqUJ, a{z) = 0, Vz G S^. 



by 




15. 



□ 



d 



•'{if Xip',^px i;') < d^'^{^,^l;)+d^'''^'{ip',^p'). 
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Proof of Lemma 19. If : [0, 1] x M ^ M and H' : [0, 1] x M' ^ M are 
smooth Hamiltonians generating 'tp~^oip and rp'~^ oip' respectively, then the 
function 

^ : [0, 1] X M ^ R, H{t, X, x') := H{t, x) + H'{t, x') 

generates {'ip~^ o (p) x {iJj'^'^ o ip'). Furthermore, we have sup-^ H{t,-,-) = 
sup^ H{t, •) + sup^; H'{t, •), for every t G [0, 1], and similarly for the infi- 

mum. It follows that ||-ff||MxM',a;e£^' — ll-f^l|M,a; + ||-f^'||M',a)'- The Statement 
of Lemma 19 follows from this. □ 

The next lemma was used in the proof of Theorem 7. 

20. Lemma. Let (M, w) be a symplectic manifold, (p G Ham(M, a;), K C M 
a compact subset, and C > d{ip, id) a constant. Then there exists a function 
H e C^{[0, 1] X M,R) such that 

(52) ip^H = ip on K, \\H\\ < C. 

Proof of Lemma 20 . Let M,Lo,(p,K and C be as in the hypothesis. We 

choose a smooth function ii" : [0, 1] x M M that generates p and satisfies 
< C. Wc also fix an open neighborhood U C M oi K with compact 
closure, and we define K' := (Jjg[o i] 'f^g^P)- choose an open neighbor- 
hood y C M of if' such that V is compact. It follows from a C°°-version of 
Urysohn's Lemma for M" (see for example Theorem 1.1.3 p. 4 in [KP]) and a 
partition of unit argument that there exists a smooth function / : M ^ [0, 1] 
such that /"Ho) = M \ F and f~^{l) = K' . We fix a point xq G M and 
define 

: [0, 1] X M ^ M, H{t, x) := f{x) {H{t, x) - H{t, xq)) . 

Then the support of H is contained in V and hence compact. Furthermore, 
for t e [0,1] andx eU we have H{t,ip^~{x)) = H{t,ip*~{x)) - H{t,xo). It 
follows that XH(^f .-j{x) = Xjj^^ s^{x), for a; G K'. This implies that ip]j{x) = 
(/7~^(x) = p{x), for x e U, and therefore the first condition in (52) holds. 
Finally, observe that 

maxiJ(t, x) < sup H(t, x) — H(t, xq). 

xeM 

Combining this with a similar inequality for vanix^M H{t,x), it follows that 
ll-f^ll < \\H\\. Since ||ii"|| < C, the second condition in (52) follows. This 
proves Lemma 20. □ 

The next lemma was used in the proof of Theorem 2. Let (M, lo) be a closed 
presymplectic manifold, and H C TM an w-horizontal distribution. We 
denote by tt : {TM'^)* M the canonical projection. We define lh and 
^u!,H as in (9,10). 
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21. Lemma. Let f G C~(M,M), U C {TM"^)* be an open neighborhood of 
the zero section on which ^oj,h is non-degenerate, and X the Hamiltonian 
vector field on U generated by f o it : M ^ R. with respect to ^uj^h- Then 
7r*X(x) G -ff7r(a;), for every x & U. 

Proof of Lemma 21. We fix x := {y,a) G U, and denote by pr-'^ : TyM 
TyM^ the canonical projection along H. We denote by vr' : T*M M the 
canonical projection, and by i : (TyM"^)* T^iTM"^)* and i' : T*M 
Tifj{x)T*M the canonical inclusions. 

1. Claim. For every v G T^U and P G (T^M'^)*, we have 

^u!,Hiv,iP) = /3pr^7r*w. 
Proof of Claim 1. We have 7r*z/? = 0, and 



LH{y,a + tf3) = ^ 

t=0 



{y, (a + i/3)pr^) =i'(/3pr^) 



dt 

It follows that 

= + Wean {l'H*V, i'{f3^v")) 

= f3pT^Tr*v. 

This proves Claim 1. □ 

Claim 1 implies that 

= f.TTjp = d{f o TT){x)i/3 = n^,H{X{x), i(3) = /3pr^7r,X(x), 

for every /3 G (TyW^)*. It follows that pr^7r*X(a;) = 0, i.e. Tr^X{x) G Hy. 
This proves Lemma 21. □ 

A. 2. Foliations. In this subsection Proposition 6 is proved. This result was 

used to define the linear holonomy of a foliation. The second result of this 
subsection is an estimate for the distance between the initial and end point 
of a path a; in a foliation, provided that these points lie in the same leaf, and 
X is tangent to a given horizontal distribution. For the proof of Proposition 
6 we need the following lemma. Let [M,T) be a foliated manifold and 
(f/, 99) G a chart. We write ^ =: {ip^, :U = W'' x M^. 

22. Lemma. Let F C M be a leaf of T , a < h, and u : [a,b] ^ F D U a 
continuous map. Then (p^ ou : [a, b] — ^ W^~^ is locally constant. 

Proof of Lemma 22. Let {M,J^) be a foliated manifold. By definition, the 
leaf topology on F is the topology Tp generated by the sets <^~^({0} x R'^), 
where {U,ip) ^ T \s such that (p~^{{{)} x Mf^) C F. It is second countable, 
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see for example Lemma 1.3. on p. 11 in the book [Mol]. It follows that 
there exists a countable collection of surjective foliation charts (pi : Ui ^ M" 
(i G N), such that {^''^{{0} x R''))^^^^ is a basis for Tp. Let {U,(p) € J-. 
Then U H F £ Tp, and therefore there exists a subset C M such that 
U Ci F = UieS ^i- each i & S compatibility of if and (pi implies that (p^ 
is constant on Ui. It follows that ip^{U fl F) C MJ^^^ is at most countable. 
The statement of Lemma 22 follows from this. □ 

Proof of Proposition 6. Let M, T, F, a, b, x, N and yo be as in the hypothesis. 
To prove statement (a), let T : Ty^N — Ty.(^a)^ be a linear map. 

1. Claim. There exists a smooth map f : N ^ M such that f{yo) = x{a) 
and dfiyo) = T. 

Proof of Claim 1. We choose a quadruple {U,V,p,ilj), where U O M and 
V C. N are neighborhoods of x{a) and yo, respectively, and if : Tj.(„)M U 
and il) : V ^ Ty^N are diffeomorphisms, such that the following holds. 
Identifying T^iT^^^-^M) = T^^^^M and ToiTy,N) = Ty,N, we have 

ip{0) = x{a), dip{0) = idx,(^)M, ^(yo) = 0, dtpiyo) = idxy^N- 

Furthermore, wc choose a function p G C°°{Ty^N, [0, 1]) such that p = 1 in 
a neighborhood of 0, and p = outside some compact subset of Ty^^N. We 
define f(y) := p o (p ■ T) o il^^y) for y £V, and f(y) := yo, ior y £ N \ V. 
This map has the required properties. This proves Claim 1. □ 

We denote by 7r2 : [a, 6] x M — M the projection onto the second factor. 

2. Claim. There exists a smooth section s : [a, 6] x M — > 7r|Tjr of compact 
support, such that s{t,x{t)) = x{t), for every t G [a,b]. 

Proof of Claim 2. For every t e [a,b] we choose a foliation chart cpt : Ut ^ 

R", such that Ut Q M is an open neighborhood of x{t). Shrinking Ut and 
reparametrizing pt, we may assume that ipt is surjective. We choose a finite 
subset S C [a, b] such that x{[a, b]) CU:= Utg5 ^t- We fix t G 5, and define 

At := {{t',iptoxit'))\x{t') G Ut}. 

Since cpt is surjective. At is a closed subset of [a, b] x M". We choose a 
smooth extension ft : [a, 6] x R" — R'^ of the map At 3 [t', (pt o x(t')) 

{pit)*x{t') G R'^. We also fix a partition of unity {pt)teS for U, subordinate 
to (C/j)tg5, and a smooth map p : U — > [0, 1] with compact support, such 
that /o|a;([a,6]) = 1- We define 

s:[a,b]xM^ t^^TJ^, s{t',x') := p{x')^ pt{x')dpt{x')-' {O, ft{t' ,^t{x'))) . 

teS 

Here each summand on the right hand side is defined to be if x' ^ Ut- The 
map s has the required properties. This proves Claim 2. □ 
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We choose a map / and a section s as in Claims 1 and 2. Since s has compact 
support, there exists a unique solution u : [a,b] x N ^ M of the equations 

dtu{t,y) = s{t,y), u{a,y) = f{y), G [a, 6], y G A^. 

This map has the required properties. This proves (a). 

To prove statement (b), let u and u' be as in the hypothesis. Consider 

S:={te [a, h] I pr^d(n(t, •))(yo) = V^^d{u'{t, •))(yo)}. 

By (7) this set contains a. Furthermore, it is a closed subset of [a, 6]. 

3. Claim. S is open. 

Proof of Claim 3. Let Iq G S. We choose a chart (C/, ip) e such that 
x{to) G U, and a number e > such that x(^[to — e,to + ejCi [a, b]) C U. We 
define 

y := {y G iV I u{t, y) , u'{t, y) eU,yte [to -e,to + e]n [a, b] } . 

This is an open subset of N. Furthermore, by the first condition in (5) 
we have yo G V. Let xq G U. Then by definition, the map dip^{xo) : 
TxqM — R""*^ is surjective and has kernel Tx^T. It follows there exists a 
unique linear isomorphism '■ ^xo^ = Tx^M /T^qJ- W^~^ satisfying 
(^xoWxQ — df^ixo). We fix t G [to ~ £,tQ + e]. By Lemma 22, we have 

(p^ou{t,y) = (p^ ou{to,y), ip^ou'{t,y) = ip^ o u' {to,y), 
for every y ^ V. It follows that on TV, we have 

dip^x{t))d{u{t,-)) = dip^{x{to))d{u{to,-)) = '^xit„)Wxito)(^Hto,-)), 
dpHx{t))diu'it,-)) = $,(t„)pr5,^)dK(to,-)). 

Since to £ S, this implies that (i93^(x(t))(i(n(t, •))(yo) = dip^{x{t))d{u'{t,-)){yQ). 
Using the equality ^^^^^d(f^x{t)) = pr^^^^, it follows that pT-^d{u{t, •))(j/o) = 

pr^d{u'{t, •))(yo)- Hence S is open. This proves Claim 3. □ 

Using Claim 3, it follows that S = [a,b]. This proves (b) and completes the 
proof of Proposition 6. □ 

The next result was used in the proof of Theorem 2. 

23. Proposition. Let M be a closed manifold, T a regular foliation on 
M , H C TM an ^-horizontal distribution, and g a Riemannian metric on 

M . Then there exists a constant C such that for every t > and every 
X G C°°{[0,t], M) the following holds. If x{s) G Hx(^s)j for every s G [0,t], 
and x{t) G ^x{o)> ^hen d{x{Q),x{t)) < C£{x)^. Here £ and d denote the 
length and distance functions with respect to g respectively. 

Proof of Proposition 23. We denote by n and A; the dimension of M and of 
the leaves of respectively. 
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1. Claim. There exists a finite atlas A of surjective foliation charts ip : 
U — R", such that \J(^u ip)£A^~^i^'^) ~ o,nd for every {U,(p) G A and 
X E U the set (p{J^x l~l U) is connected. 

Proof of Claim 1. Since by assumption is regular it follows from Lemma 
24(e) below that there exists a smooth structure on the set M' of leaves 
of such that the canonical projection n : M ^ M' is a submersion. 
Since M is closed, a result by Ehresmann implies that tt is a fiber bundle. 
(See the proposition on p. 31 in [Eh].) Let x G M. We choose a local 
trivialization ipx '■ U!^ x J^x ^ M ol n, where is an open subset of M', 
such that x € tl)x{U^ X J^x)- By combining il^x with charts of M' and 
containing the points 7r(x) and x, respectively, we obtain a foliation chart 
{Ux, (fx) for M such that x £ Ux and fxiy) = i^'xlx), for every y £ UxDJ'xj 
i = n — k + 1, . . . ,n. By shrinking the domain and target of ipx and rescaling, 
we may assume w.l.o.g. that ipx{Ux) = M". By compactness of M there 
exists a finite subset S C M such that \J^^g (p~^{Bi) = M. The set A := 
{{Ux,fx) \ x £ S} has the required properties. This proves Claim 1. □ 

We choose an atlas A as in Claim 1. For {U,(p) £ A we define e,p to be the 
distance (with respect to g) between ip^^{Bi) and M\ ip~^{B2), and we set 
£ := minje^ | {U,ip) G A}. Let {U,ip) G A. We define the map a,^ : M" — 
■^kx{n-k) follows. Namely, for x G M" we define a^p^x) to be the unique 
real k x {n — k) matrix satisfying {^{w , oiip{x)w) \ w G M""'^} = (p^Hp-i(^x)- 
Since H is horizontal, a is well-defined. We denote by | • |o the standard 
norm on Euclidian space, by \v\ the norm of vector v G TM with respect to 
g, and by tti : M" = M""*^ x M*^ — > W^~^ the canonical projection onto the 
first component. We choose a constant C such that 

(53) \v\o < C\d{ip-^){x)vl 

(54) d{^-\x),v-\y))<C\x-y\o, 

(55) \{dap{x)v)w\^< C\v\q\w\q, 

for every {U, ip)£A,x,y£ B2, V G W, and w G . Let to G [0, 00), and 
x G C°°([0, to]; Af) a path such that x{t) G for every t G [0, to]) and 

x(to) G J^x{0)- 

2. Claim. If i{x) < e then d(a;(0),x(io)) < 2C^i{xf. 

Proof of Claim 2. Assume that l{x) < e. We choose a chart ([/", (^) G .4 
such that x(0) G ip~^{Bi). By the choice of e it follows that x{t) G ip~^{B2), 
for every t G [0, to]- Hence we may define (a, 6) := 99 o x : [0,to] ^ = 
]^n-fe X R*^. By the choice of A, the set ^{J^x{o) ^ ^) is connected, hence 
it equals {a(0)} x W^. Since x(to) € .?^i;(o), it follows that a(to) = a(0). 
Therefore, 

(56) |(a,6)(to) - (a,6)(0)|o = |6(to) - 6(0)|o. 
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By the definition of and the hypothesis x{i) G H^(^f^, we have 

(57) b{to) - 6(0) = / ° b{t)dt = [° a^o{a, b){t)a{t)dt. 

Jo Jo 

We define (u, v) : [0, 1] x [0, to] ^ = W''' x R*^ by 

iu,v){s,t) := (a,6)(0) + s((a,6)(t) - (a,6)(0)). 

Then {u,v){l,t) = {a,b){t) and dtu{0,t) = 0, for every t G [0, to], and 
therefore 



rto 

/ o (a, b){t)a{t)dt 
Jo 



to /-l 



JO 
to fl 



ds {(^(p o ("", v)dtuj ds dt 



^0 



(a^ o (tx, v)) 5tu - dt [a^ o (u, v)) d. 
+ dt {a^ o [u, v)dsu) j ds dt 



u 



(58) 



to rl 
Jo 



+ 



(^{daip ds{u,v))dtu — {^da^ dt{u,v))dsuj dsdt 

/ atpO (u, v)dsuds 
Jo 



to 

t=o' 



Since a(to) = a(0), we have dsu{s,t) = 0, for s G [0,1] and t = 0, to- 
Therefore, the last term in (58) vanishes. Using (57) and (55), it follows 
that 

no rl 



\b{to) - b{0)\o < C [° [ {\ds(,u,v)\o\dtu\o + \dt{u,v)\o\dsu\o)dsdt 
Jo Jo 

< 2c/°/ \ds{u,v)\o\dtiu,v)\odsdt 
Jo Jo 



to 



< 2C / \{a,b){t) - {a,bml 



(a,6)(t) 



dt 



< 2C^ max { | (a, 6) (t ) - (a, 6) (0) | ^ 1 1 G [0, to] }^(x) 



< 2C^ 



to 



10 

(59) < 2C^i{xf. 

Here in the fourth and the last step we used (53). Combining (54,56,59), we 



(a,6)(t) 



dti{x) 



obtain 



d{x{to),x{0)) < C\{a,b){to) - {a,b){0)l < 2C^£{xf. 
This proves Claim 2. 



□ 
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Note that in the case £{x) > e we have d(x{0),x{to)) < e Combining 
this with Claim 2, we obtain d(x(0), a;(io)) < m.a^{2C^ ,£-'^}i{xf . This 
concludes the proof of Proposition 23. □ 

A. 3. Further auxiliary results. 

24. Lemma (Smooth structures on quotients). Let M he a set with a 
smooth structure and R an equivalence relation on M . Then the following 
holds. 

(a) There is at most one smooth structure on M' := M/R such that the 
quotient map it : M ^ M' is a submersion. 

Assume now that R is the leaf relation of some foliation T on M. Then: 
(h) If there is a smooth structure on M' as in (&) then kerd7r(a;) = T^J^, 

for every x G M. 

(c) R is a closed subset of M x M if and only if M' ( equipped with the 
quotient topology) is Hausdorff. 

Assume that R is the leaf relation of some foliation T and the induced 
topology on M is Hausdorff and second countable. Then: 

(d) M' is second countable. 

(e) The following conditions are equivalent. 

(i) There exists a smooth structure on M' as in (&). 
(a) R is a submanifold of M x M. 

(f) Assume that there is a smooth structure A on M' as in (a). Let F be 
a leaf of x £ C°°([0, 1], F), and Vi G T^(i)M, for i = 0,1, be such 

that pr-^^i = hol;^pr'^'Uo • Then dTr{x{0))vo = dTr{x{l))vi, where the 
differentials are defined with respect to A. 

25. Remark. Let M be a set with a smooth structure and R an equivalence 
relation on M. We denote now by tti : R ^ M the projection onto the 
first factor. Then by a theorem by Godement, condition (i) of part (c) above 
holds if and only if (ii) is satisfied and tti is a submersion. (See for example 
Theorem 3.5.25 in the hook [AMR].) 

Proof of Lemma 24. Let M be a set with a smooth structure, and R an 
equivalence relation on M. Statement (a) follows from Proposition 3.5.21 (iii) 
in the book [AMR]. 

Assume now that R is the leaf relation of some foliation T on M. 

In order to prove (b), let F G M' be a leaf. Since F is a regular value 
of vr, the Implicit Function Theorem implies that t:~^{F) = F C M is a 
submanifold, and TxF = kcrd7r(x), for every x £ F. On the other hand, it 
follows from the definitions that TxF = TxJ-. This proves (b). 

To see (c), observe that the map tt is open. This follows for example 
from the corollary on p. 19 in [Mol]. (The proof goes through if M is not 



COISOTROPIC SUBMANIFOLDS AND LEAFWISE FIXED POINTS 



37 



Hausdorff or second countable.) Therefore, (c) follows from an elementary 
argument, see for example Lemma 2.3 p. 60 in [Bo]. 

Assume now also that the topology on M is Hausdorff and second count- 
able. Using openness of tt, statement (d) follows from Lemma 2.4 p. 60 
in [Bo]. Furthermore, by Remark 25, (e) is a consequence of the following. 

1. Claim. The projection vri is a submersion. 

Proof of Claim 1. Let (xo,xi) G R. We choose a path x G C°°([0, 1], jFj-g) 
such that x{i) = Xi, for i = 0,1. We set a := 0, b := 1, := M, yo := 
xq, and T := id^^^^M- Applying Proposition 6(a) there exists a map u G 
C°°([0, 1] X M,M) such that the conditions (5) and (6) hold. By (5) the 
map f : M ^ M X M defined by f{y) := (tt(0, y),u{l, y)) takes values in R 
and satisfies /(xq) = {xo,xi). Equality (6) implies that 

dTri{xo,xi)df{xo) = d(7ri o f){xo) = d{u{0, ■)){xo) = idr^^M- 

It follows that d7ri(xo,a;i) is surjective, hence tti is a submersion. This 
proves Claim 1. 

We show (f). We choose a map u G C°°[[a,b] x Nx[a)^i^) ^ in the 
definition (8) of hol;^. Then for every s G M, we have 

TT o pr'^suo) = TT o ii(0, pr'^suo). 
Differentiating this identity with respect to s, we obtain 

(60) 7r*n(l, •)*pr-^i;o = 7r*n(0, •)*pr-^t!o. 

On the other hand, the equality pr^^pj(i(u(0, •))(0) = idAr^^y^jr implies that 
vq — u{Q, •)*pr-^t;o G T^^q^J^. Using statement (b), it follows that 

(61) 7r*u(0, •)*pr-^uo = tt^vq- 
By assumption we have 

pr-^vi = hol^pr-^uo = pr-^'u(l, •)*pr-^wo. 

Using again statement (b), it follows that tt^wi = 7r*ti(l, •)*pr'^fo. Combin- 
ing this with (60) and (61), we obtain n^tVo = Tr^tVi, as claimed. This proves 
(f) and concludes the proof of Lemma 24. □ 

The next lemma was used in the proof of Theorem 2. Let M be a C^- 
manifold, and X a complete C^-vector field on M. If p is a Riemannian 

metric on M then we denote by i and d the induced length funcional and 
distance function, respectively. Furthermore, for a pair {t, xq) G [0, oo) x M 
we write i{t,xo) := i{[0,t] 3 s fxi^o) £ M). 

26. Lemma (Fast almost periodic orbits). Let {M,g) be a Riemann- 
ian -manifold, X a -vector field on M with compact support, and 
f : [0, oo) — ^ [0, oo) a continuous function such that /(O) = 0. Then there 
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exists a constant e > such that for every {t,xo) G [0,£] x M satisfying 
d(^xo,ip^-^{xo)) < £{t,xo)f{£{t,xo)), we have X{xo) = 0. 

The proof of this lemma is based on an idea from the proof of Proposition 
17, p. 184 in the book [HZ]. We need the following. 

27. Remark. Ift>0, and x e W^''^{[0,t],R) is such that /g x(s)ds = 
then 

(62) lk||Li([0,t]) < *||i||Li([0,t])- 

To see this, note that x{s)ds = implies that there is a point to G [0,t] 
such that x(to) = 0. It follows that for every s G [0,t], we have \x(s)\ = 
\ J^^^x{s)ds\ < /q |x(s)|ds. Inequality (62) is a consequence of this. 

Proof of Lemma 26. Let M, g, X and / be as in the hypothesis. We denote 
hy K C M the support of X, by n the dimension of M, for a vector v G TM 
we denote by \v\ its norm with respect to g, and for v G we define 
|f |i := Y17=i 1^*1- We choose a finite set A of surjcctivc C^-charts (f : U Q 
M M", such that K C U([/,^)e^ '/'"H-^i)- Furthermore, we choose a 
constant C such that 

(63) \x-y\i<Cd{ip-\x),ip-\y)), \diip-^)ix)v\ < C\v\i, 

for every (U, ip) & A, x,y e B2, and v G M". For {U, if) e Awe define to 
be the distance between ip~^{Bi) and M \ ip~^{B2), and we define 

(64) £i:=min| {U,ip) e A 

I maxi^ I A I 

For a linear map T : we denote 

|r|op := max{|rt;|i 1 1> G M", \v\i = l}. 

Since by assumption / is continuous and /(O) = 0, there exists £2 > such 
that for every {U, (p) G A, and every a G [O, £2 max/^- , we have 

(65) £2 max \d{p^X)\^^ + C'^f{a) < 1. 

B2 

We define e := min{ei, £2}- Let (t, xq) G [0, £] xM be such that d(a;o, 95x(^o)) ^ 
i{t,xo)fi£{t,xo)). We define x : [0,t] ^ M by x{s) := ipx{xo). We choose 
a chart {U, tp) e A such that xq G ip~^{Bi). For s G [0, t], we have 



d{xQ, x{s)) < i{x) 



/ \X o x(s')\ ds' < £1 max |X| < e^. 



It follows that a:([0,t]) C (p ^{B2). Hence we may define 

y:=^ox, v:=yiO)-y{t), f : [0,1] ^ W", fis) := y{s) + v/t. 
The equality x = X o x implies that / is , and that 
(66) f = y= {{<p*X)oyy = d{<p.X){y)y. 
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Furthermore, f{s)ds = 0. Therefore, denoting by ||/||i the L^-norm of / 
with respect to | • |i. Remark 27 with x replaced by each component of / 
imphes that 

(67) ll/lli < < tm_ax|c/((^,X)|op||y||i. 

Here in the second inequahty we used (66). By (63) and one of the hypothe- 
ses of the lemma, we have 

(68) \v\i < Cd{xo,x{t)) < Ce{t,xo)f{i{t,xo)) < C%\\if{e{t,xo)). 
Since y = f — v/t, inequalities (67,68) yield 

(69) ||y||i < + < (s2nmx\di^,X)\^p + C^f{£{t,xo)))\\y\\i. 

Since £(t, xq) < tmax/^ \X\ < £2 niax/^ \X\, inequality (65) holds with a : = 
£{t,xo). Combining this with (69), it follows that ||y||i = 0. Hence y is 
constant, and the same holds for x = (p~^ o y. This proves Lemma 26. □ 

The next lemma implies that the Hofer semi-norm given by (14) is well- 
defined. 

28. Lemma. Let X he a topological space and / : [0, 1] x X — > R a con- 
tinuous function. Assume that there exists a sequence of compact subsets 
C X, G N such that {_]^ = X. Then the map 

[0, l]3t^ sup f{t, x) 
xex 

is Borel measurable. 

Proof of Lemma 28. We choose a sequence Ki, C X, z/ G N, as in the hy- 
pothesis, and we define 

: [0, 1] ^ R, /4t) := max {f{t, x)\xe K^}. 

Then f^, is continuous, for every i/, and f{t) = snp^^^q fi,{t) , for every t G 
[0,1]. Hence an elementary argument implies that / is Borel measurable. 
This proves Lemma 28. □ 
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